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[20]-[22],[24]-[27],[35]-[38], [43]- [47], [49, 51], [53]- [56], [58, 59].) 

Next we include necessary definitions and basic results on coupled fixed point 
theory in the context of partial metric spaces. A partial metric is a function p : 
X x X — > [0, oo) satisfying the following conditions 

(PI) If p(x, x) = p(x, y) = p(y, y), then x = y, 

(P2) p(x,y) =p(y,x), 

(P3) p{x,x) <p(x,y), 

(P4) p{x,z) +p(y,y) <p(x,y) +p(y,z), 
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for all x,y,z € X. Then (X,p) is called a partial metric space. If p is a partial 
metric p on X , then the function d p : X x X — > [0, oo) given by 

d P {x, y) = 2p(x, y) - p(a;, a;) - p{y, y) 

is a metric on X. Each partial metric p on X generates a To topology t p on 
X with a base of the family of open p-balls {B p (x,e) : x <G X, e > 0}, where 
B p (x,e) — {y € X : p(x,y) < p(x,x) + e} for all x E X and e > 0. Similarly, 
a closed p-ball is defined as B p [x,e] — {y e X : p(x,y) < p(x,x) + e}. For more 
details see e.g. [5, 41]. 

Definition 1.9 (See e.g. [41, 5, 32]). Let (X,p) be a partial metric space. 

(i) A sequence {x n } in X converges to x G X whenever lim p{x, x n ) — p(x, x), 

n — >oo 

(ii) A sequence {x n } in X is called Cauchy whenever lim p(x n ,x m ) exists 

n,m — >oo 

(and finite), 
{Hi) (X,p) is said to be complete if every Cauchy sequence {x n } in X converges, 
with respect to t p , to a point x € X , that is, lim p(x n , x. m ) — p(x,x). 

(iv) A mapping f : X — > X is said to be continuous at xq G X if for each e > 
there exists S > such that f(B(xo,S)) C B(f(xo),e). 

Lemma 1.10 (Sec e.g. [41, 5, 32, 1]). Let (X,p) be a partial metric space. 

(a) A sequence {x n } is Cauchy if and only if {x n } is a Cauchy sequence in the 
metric space (X,d p ), 

(b) (X,p) is complete if and only if the metric space (X,d p ) is complete. More- 
over, 

(1.8) lim d p (x,x n ) = <=> lim p(x, x n ) = lim p(x n ,x m ) = p(x,x). 

n — >oo n — ^oo n,m^oo 

Lemma 1.11. (See e.g. [1]) Let (X,p) be a partial metric space. Then 

(A) If p(x,y) — then x = y. 

(B) Ifx^y, then p(x, y) > 0. 

Remark 1.1. If x — y, p(x,y) may not be 0. 

The triangle inequality (P4) yields the following result. 

Lemma 1.12. (See [1]) Let x n — > z as n — > oo in a partial metric space (X,p) 
where p(z, z) = 0. Then lim p(x n , y) = p(z, y) for every y G X . 

n — >oo 

Lemma 1.13. (See e.g. [34]) Let]im n ^ 00 p(x n ,y) =p(y,y) and\\m n ^ OQ p(x n ,z) = 
p(z,z). Ifp(y,y)=p(z,z) theny = z. 

Remark 1.2. Limit of a sequence {x n } in a partial metric space (X,p) is not 
unique. 

Example 1.14. Consider X — [0, oo) with p(x,y) — max{x, y}. Then (X,p) 
is a partial metric space. Clearly, p is not a metric. Observe that the sequence 
{1 — 2 2 } converges both for example to x — 3 and y — 5, so no uniqueness of the 
limit. 

Let (X,p) be a partial metric space. Note that the mappings p 2 : X 2 x X 2 — * 
[0, +oo) defined by 

P2( x ,y) : = max{p(xi,yi),p(x 2 ,2/2)}, 
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forms a partial metric on X 2 where x = (x\,X2) and y = (2/1,2/2) € X 2 where 

X 2 = X x X. 

2. Existence of Coupled Fixed Points 
We start this section with the following definition. 

Definition 2.1. [29] A function ip : [0, 00) — ► [0, 00) is called an alternating dis- 
tance function if the following properties are satisfied: 

(i) ip is monotone increasing and continuous, 
(ii) ip(t) = if and only ift = 0. 

The following theorem is our first main result. 

Theorem 2.2. Let (X, <) be a partially ordered set and (X,p) be a complete partial 
metric space and <j>, ip are alternating distance functions. Let F : X x X — > X and 
g : X — > X where X 7^ 0. Suppose that F has the mixed g-monotone property and 
(2.1) 

ip(max{p(F(x, y), F(u, v)),p(F(y, x),F(v, u))}) < ip(raax{p(g(x), g(u)),p(g(y), g(v))}) 

-<f>(ma,x{p(g(x),g(u)),p(g(y),g(v))}) 

for all x,y,u,v £ X for which g{x) < g(u) and g(v) < g(y). Suppose F{X x X) C 
g(X), where g is continuous, and F and g are compatible mappings. Also suppose 
either 

(a) F is continuous or 

(b) X has the following property: 

(2.2) if a non- decreasing sequence {x n } — » x, then x„ < X, for all n > 0, 

(2.3) if a non-increasing sequence {y n } ~^ y, then y < y n , for all n > 0. 

If there exist Xq, yo £ X such that g(xo) < -^(^0: 2/0 ) an d g(yo) < F(jJo, x q), then 
there exist i,j£l such that g{x) = F(x,y) and g{y) — F(y,x), that is, F and g 
have a couple coincidence. 

Proof. Let £0,2/0 € X such that gxo < F(xo,yo) and gyo > F(yo,xo)- Since 
F(X x X) C g(X), then we can choose 21,2/1 € X such that 

(2.4) gxi = F(x ,y ) and gy x = F(y ,x ). 

Again, from F(X x X) C g(X), continuing this process, we can construct sequences 
{x n } and {y n } in X such that 

(2.5) gx n+1 = F(x n ,y n ) and gy n+1 = F(y n ,x n ). 
We shall show that 

(2.6) C7X n < t7X n+ i, 32/n+l < 9Vn- 

We shall use the mathematical induction. Since, gxa < F(xo,yo) and 52/0 > 
F(y ,a;o) then by (2.4), we get 

gx < gx x and gy x < gy , 
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that is (2.6) holds for n = 0. 

We presume that (2.6) holds for some n > 0. As F has the mixed g-monotone 

property and gx n < gx n +i and gy n +i < gyn, we obtain 

gx n+ i = F(x n ,y n ) <F(x n+ i,y„) 

<F(x n+ i,y n ) 

<F(x n+1 ,y n+ i) = 5x rl+2 , 

ff3/n+2 = F(y n+1 ,x n+1 ) <F(y n+1 ,x n ) 

<F{y n ,x n ) = gy n +i, 

Thus, (2.6) holds for any n € N. Assume for some n € N, 

5x„ = #a; n +i, and gy„ = gy n+ i, 

then, by (2.5), (x n ,y n ) is a coupled coincidence point of F and g. From now on, 
assume for any n € N that at least 

(2.7) #2 n ^#2„ + i or gy n ^gy n+1 . 

Due to (2.1), (2. 5) and (2.6), we have max{p(gx n ,gx n+1 ),p(gy n ,gy n+1 ))} > 0. Set 
5 n = max{p(5x„,5a; rl+ i),p(gi/„,5y„ + i))}. Then consider 

i>{p{gx n , gxn+i)) = ip(p(F(x n -i,y n -i), F(x n , y n )) 

(2.8) < V(max{p(ga;„_i,5a; rl ),p(gi/„_i,gy n )}) 

-(j)(max{p(gx n -i,gx n ),p(gy n -i,gyn)}), 

1p{p{gyn, gVn+l)) = '/ , (?(f(!/n-l 1 In-l),f(|/ n ,In)) 

(2.9) < f/)(max{p(5y„„i,gy„),p(5a; rl _i,ga;„)}) 

-</)(max{p(52/ n _ 1 ,5y„),p(5x„_ 1 ,gx n )}), 

Using the monotone property (i) of </> together with (2.8) and (2.9), we obtain that 
(2T0) 
ip(max{p(gx n ,gx n+1 ),p(gy n ,gy n+1 )}) = max{i)(p(gx n ,gx n+ i)),ip(p(gy n ,gy n+ i))} 

< il)(max{p(gx n -. lt gxn),p(gyn-i,gyn)}) 
-cj)(max{p(gx n -i, gx n ),p(gy n -i, gy„)}). 

So (2.10) turns into 

< ip{S n -i). 
By using the property of <fi, for all n > we have 

(2.12) S n < <J n _i. 

Thus, {5 n } is a monotone decreasing sequence of non-negative real numbers. So, 
there exists a 5 > such that 

(2.13) lim 6„ = 5. 

n — >-oo 

Suppose 5 > 0. Letting n — ► oo in (2.10), then we get 

MS) < MS) - m 

which is a contradiction. Thus S — 0, that is, 

(2.14) lim (5„ =0. 
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Hence, we have 

lim p(gx n+1 ,gx n ) = 0, 

n — ►oo 

lim p(gy n +i,gy n ) = 0. 

n — >oo 

By condition (-P3), we have 

p{g(x n ),g{x n )) < p(g(x n ), g(x n+1 )), 
so letting n — > oo, we get 

(2.15) lim p(g(x n ),g(x n )) = 0. 

n— >oo 

Analogously, we have 

(2.16) ]imp(g(y n ),g(y n ))=0. 

n — »oo 

Now, we shall prove that {gx n } and {gy n } are Cauchy sequences. Suppose, to the 
contrary, that at least one of {gx n } and {gy n } is not Cauchy. So, there exists an 
e > for which we can find subsequences {gx n r k \} of {gx n } and {gy n t k )} of {gy n } 
with n(k) > m(k) > k such that 

(2.17) tk = m&x{p(gx n (k),gx m ( k) ),p(gy n ( k) ,gy m ( k ))} > e. 

Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest 
integer satisfying (2.17) and n(k) > m(k) > k. Thus, 

(2.18) ^aa^{p{gx n (k)-i,gx m (k)),p(gyn(k)-i,gym(k))} < £■ 

By using the triangle inequality and having (2.17), (2.18) in mind 

e < t k = max{p(gx n(k) , gx m(k) ),p{gy n(k) , gy m{k} )} 

< max{p(gx n(fe) ,3X„( fe )_i) +p{gx n ( k )-i, gx m (k)), 

(2.19) p(gyn(k),gy n (k)-i) + p{gy n (k)-i, gy m {k))} 

< ™.&x{p(gx n(k) ,gx n ( k) - 1 ),p(gy n ( k) ,gy n ( k) - 1 )} +s 

< <5n(fc)-l +£• 

Letting k — > oo in (2.19) and using (2.14) 

(2.20) \imt k = lim max{p(gx n{k} ,gx m(k) ),p(gy n(k) ,gy m(k) )} = e. 

k — ►oo k— >oo 

Set i fe+ i = max{p(5o; n (fc) + i,flfX m (fe) + i),p(fl'j/ n (fe) + i ) fl'j/ m (fe) + i)}. Again by the trian- 
gle inequality, 

(2.21) 

tk = max{p(gx n ( fe ),ga; m ( fe )),p(5y„( fe ),5y m ( fe ))} 

< max{p(gx n(fe) ,ga;„ (fc)+1 ) + p{gx n(k)+l ,gx m{k)+1 ) +p(gx m(k)+1 ,gx m{k) ) 

p(gy n (k),gy n (k)+i) + p(gy n (k)+i, gy m (k)+i) + p{gy m (k)+i> gy m (k))} 

< ma,x{p(gx n{k) , gx n{k)+1 ),p(gy n(k) , gy n (k)+i)} 

+m.ax{p(gx n (k)+i,gx m (k)+i),p(gyn(k)+i,gy m (k)+i)} 
+Tm»x-{p(gx m (k),gxm,(k)+i),p{gy m (k),gy m (k)+i)} 

analogously we have 



(2-22) t k+1 < 5 n (fc) + i + tfe + <5 m (» 



+i- 
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Letting n — > oo in (2.21) and (2.22), we get that 

linifc^oo tk+i 

(2.23) = lim ma,x{p(gx n(k)+1 ,gx m{k)+1 ),p(gy n ( k)+1 ,gy m ( k)+1 )} 

v / k — »oo 

= e. 
Since n(k) > m(k), then 

(2.24) gx n (k) > gx m (k) and gy n ( k ) < gy m (k), 

Hence using the property (i) of </> with (2.1), (2.5) and (2.24), we have 

(2.25) 

i>{p{gxn(k)+i,gx m {k)+\j) = tJKp( F ( x n(k),y n (k)),F(x m ( k ),y m ( k )) 

< ip {va.&x{p{gx n{k) ,gx m{k) ),p{gy n ( k) ,gy m{k) )}) 
-<f> (m&x{p(gx n{k) , gx m(k) ) , p{gy n{k ) , gy m (k) )}) 

(2.26) 

i>(p(gy n (k)+i , gy m (k)+i)) = iP(p(F(y n ( k) , x n{k) ), F{y m{k) , x m{k) )) 

< if; (ma,x{p(gy nik) ,gy m ( k) ),p(gx n ( k ),gx m ( k ))}) 
-<f> (m&x{p(gy n{k} , gy m{k) ),p(gx n{k) , gx m{k) )}) 

From (2.25) and (2.26) and by using the monotone property of ip, we get that 

V^/c+i) = ^( max {p(gxn(k)+i, gx m (k)+i),p(gy n (k)+i, gy m (k)+i)}) 

= ma,x{^(p(gx n{k)+1 , gx m{k)+1 )),^(p(gy n{k}+1 , gy m{k}+1 ))}) 
(2.27) < ip (max{p(gx n(k) , gx m{k) ),p(gy n{k} , gy m ( k) )}) 

- </> (ra.a,x{p{gx n ( k ),gx m (k)),p{gy n (k),gy m (k))}) 

= 4>{tk) ~ <P{t k )- 
Letting k — > oo and having in mind (2.27) we get 

4>(s) < V(e) - 0(e) 

which is a contradiction. This shows that {gx n } and {gy n } are Cauchy sequences. 

Thus, the sequences {g(x n )} and {g{y n )} are Cauchy in (g(X),p). By Lemma 
1.10, {g(x n )} and {g(i/n)} are also Cauchy in (X, d p ). Again by Lemma 1.10, 
(X, dp)) is complete. Thus, there exist x,y (^ X such that 
(2.28) 

lim d p (x,g(x n )) =0 &p(x,x) = lim p(x,g(x n )) = lim p(g(x n ),g(x n )) = 0, 

n — >-oo n — >-oo n — >-oo 

(2.29) 

lim d p {y,g(y n )) = 0^p{y,y) = lim p(y,g(y n )) = lim p(g(y n ),g(yn)) = 0. 

n — >oo n — >oo n — >oo 

Since X is complete, there exist x, y £ X such that 

(2.30) lim gx n = x, lim gy„ = y. 

n — »oo n — »oo 

From (2.5), (2.30) and using the continuity oft/, we have 

(2.31) gx = lim 5(ga; n+ i) = lim g(F(x n ,y n )), 

n— >oo n— >oo 

and 

(2.32) 5y = lim g(gy n +i) = hm g(F(y n ,x n )). 

n — >oo n — >oo 

Now we shall show that (/a; = F(x, y) and gy = F(y, x). 
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Since F and g are compatible, in addition with (2.30), we have 

(2.33) lim p(g(F(x n ,y n )),F(g(x n ),g(y n ))) = 0, 

n — »oo 

and 

(2.34) lim p(g(F(y n , x n )),F(g(y n ),g(x n ))) = 0. 

n — >oo 

Suppose that F is continuous. 

For all n > 0, we have, 

P(gx, F{gx n ,gy n )) < p(gx, g(F(x n , y n )) + p(g(F(x n ,y n )), F(gx n , gy n )). 
Taking the limit asm oo, using (2.31), (2.33), (2.30) and the fact that F and g 
are continuous, we have p(gx, F(x,y)) = 0. 

Similarly, by using (2.32), (2.34), (2.30) and also the fact that F and g are 
continuous, we have p(gy, F(y, x)) =0asn^ oo. 

Thus we have proved that F and g have a coupled coincidence point. 

Suppose now the assumption (b) holds. Since {gx n } is non-decreasing and gx„ — ► 
x and also {gy n } is non-increasing with gy n — » y, then by assumption (b) we have 
for all n 

(2.35) gx n > x, gy n < y, 
Now we have 

p(gx, F(x, y)) < p(gx, g(gx n+1 )) + p(g(g(x n+1 )),F(x, y)). 

Taking the limit as n — > oo in the inequality above, using (2.31), (2.33) and (2.35) 
we have, 

p(gx,F(x,y)) < lim p(gx ) g(gx n+ i)) + lim p(g(F(x n ,y n )),F(gx n) gy n )) 

n — >oo n— »oo 

(2.36) + lim p(F(gx n ,gy n ),F(x,y)) 

n — ►oo 

< lim p(F(gx n ,gy n ),F(x,y)). 

n — >oo 

Analogously we get that 

p{gy,F(y,x)) < lim p(F(gy n ,gx n ),F(y,x)). 

n — »oo 

By using the properties of ip function 

tp(max{p(gx,F(x,y)),p(gy,F(y,x))) < lim i/j(max{p(F(gx n , gy„), F(x,y)),p(F(gy n , gx n ), F (y,x))}). 

n — >oo 

In view of (2.1), for all n > we have , 

ip(max{p(F(gx n , gy n ), F(x, y)),p(F(gy n ,gx n ), F(y, x))}) 
< lim ip (max{p(ggx n , gx),p(ggy n , gy)}) 

n—xyo 

- lim <f)(m&x{p(ggx n ,gx),p{ggy n ,gy)}) 

n— »oo 

< V (max{ lim p(ggx ni gx), lim p{ggy n ,gy)} 
-(f) (max{ lim p(ggx n ,gx), lim p{ggy n ,gy)} 
By (2.31) and (2.32), 

tp(max{p(gx,F(x,y)),p(F(gy n ,gx n ),F(y,x))}) < ip(0) -(f)(0). 
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Using the property of ip, ip- function we obtain, 

p(gx, F(x, y)) < and p(gy, F(y, x)) < 

asti-> oo. That is 

gx = F(x,y). 
Analogously, by using (2.31), (2.32), (2.33) and (2.34) we obtain 

gy = F{y,x). 

Thus, we proved that F and g have a coupled coincidence point in X. 

a 

The following result is a consequence of Theorem 2.2. 

Corollary 2.3. Let (X, <) be partially ordered set and {X,p) be a complete partial 
metric space and 4>, ip are alternating distance functions. Let F : X x X ^ X be a 
mapping. Suppose that F has the mixed monotone property and 
(2.37) 

tp(max{p(F(x, y),F(u, v)),p(F(y, x), F(v, «))}) < ip(max{p(x, u),p(y, v)}) 

-<f>(max{p(x, u),p(y, v)}) 

for all x, y, u, v € X for which x < u and v < y. Also suppose either 

(a) F is continuous or 

(b) X has the following property: 

(2.38) if a non- decreasing sequence {x n } — > x, then x n < x, for all n > 0, 

(2.39) if a non-increasing sequence {y n } — > y, then y < y n , for all n > 0. 

If there exist xo,yo G X such that xq < F(xq, yo) and yo < F(yo,xo), then there 
exist i,i/el such that x = F(x, y) and y = F(y, x), that is, F has a coupled fixed 
point. 

3. Uniqueness of Coupled Fixed Points 

Let (X, <) be a partially ordered set. We endow X x X with the following order 
< g where 

(3.1) (u,v) < g (x,y)<*g(u) <g(x), g(y) <g{v), for all (x,y), (u,v) G X x X. 

Moreover, (u,v) and (x,y) are called g-comparable if either (u,v) < g (x,y) or 
(u,v) < g (x,y).ln case g — Ix we shortly say that (u,v) and {x,y) are comparable 
and denote by (u, v) < (x,y). In this section, we shall prove the uniqueness of 
coupled fixed points. 

Theorem 3.1. In addition to the hypotheses of Theorem 2.2, assume that for all 
non g-coraparable points (x,y), (x*,y*) G X 2 , there exists (a,b) € X 2 such that 
(F(a,b), F(b, a)) is comparable to both (g(x),g(y)) and (g(x*),g(y*)). Then, F and 
g have a unique coupled common fixed point, that is, there exists (u, v) € X 2 such 
that 

u = g(u) = F(u, v) and v — g(y) — F(v, u). 
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Proof. The set of coupled coincidence points of F and g is not empty due to The- 
orem 2.2. If (x,y) is the only coupled coincidence point of F and g, then commu- 
tativity of F and g implies that 

g(g(x)) = g(F(x,y)) = F(g(x),g(y)) and g(g(y)) = ff (F(j/, x)) = F(g(y),g(x)). 

Hence, (u,! 1 ) = (g(x), g(y)) is a coupled coincidence point of -F and g and by 
uniqueness we conclude that 

F(x,y) = g(x) = a; and F(y,x) = g(y) = y. 

Now suppose that (x,y), (x*,y*) G X 2 are two coupled coincidence points of F 
and g. We show that g{x) — g(x*) and g{y) — g(y*). To this end we distinguish 
the following two cases. 

First case: (x,y) is (/-comparable to (x*,y*) with respect to the ordering in X 2 , 
where 

F(x,y) =g(x), F(y,x) = g{y), F(x*,y*) = g{x*), F(y*,x*) = g(y*). 

If p(g(x), g(x*)) — — p(g(y*), g(y)) then the theorem follows. Suppose that either 
p(g(x),g(x*)) ^ or p{g(y*),g(y)) 7^ 0. Without loss of the generality, we may 
assume that 

g(x) = F(x,y) < F(x*,y*) = g{x*), g{y) = F(y,x) > F(y*,x*) = g{y*). 

By definition of p 2 we have 

< p 2 ((g(x),g{y)),(g(x*),g{y*))) = max{p(g{x),g(x*)),p(g(y*), g(y))} 

= max{p(F(x, y), F{x*,y*)),p{F(y*,x*),F(y, x))}. 

Due to 2.1, we have 

ip(max{p(g(x) ) g(x*)),p(g(y*) ) g(y))}) = ip(ma,x{p(F(x,y),F(x*,y*)),p(F(y* ,x*),F(v,u))}) 

< tp(max{p(g(x),g(x*)),p(g(y),g(y*))}) 

-(j)(max{p(g(x),g(x*)),p{g(y),g(y*))}) 

This is a contradiction due to the property of (j> and ip. Therefore, we have 
P{g{x),g{y)) =p(g(x*),g{y*)) = 0. Hence 

g(x) = g{x*) and g(y) = g(y*). 

Second case: (x, y) is not g-comparable to (x*,y*). 

By the assumption, there exists (a, b) € X 2 such that (F(a,b),F(b,a)) is compara- 
ble to both (g(x),g(y)) and (g(x*),g(y*)). Then, we have 

g(x) = F(x,y) < F(a,b) and F(x*, y*) = g{x*) < F(a, b), 

(3.2) g(y) = F(y,x)>F(b,a) and F{y* ,x*) = g{y*)> F{b,a). 

Setting x — x ,y — yo,a = a 0l b = b , and x* — x*^,y* — j/g as in the proof of 
Theorem 2.2, we get 

(3.3) g(x n+1 ) = F(x n ,y n ) and g{y n+ i) = F(y n ,x n ) for all n = 0, 1,2, ■■-, 

(3.4) g{a n+ i) = F(a n ,b„) and g(b n +i) = F(b n ,a n ) for all n = 0, 1,2, ••• 
and 

(3.5) g(x* n+1 ) =F(x* n ,y* n ) and g(y* n+1 ) = F(y* n ,x* n ) for all n = 0, 1,2, •••. 
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We have g(x) < g(ai) and g(bi) < g(y), since (F(x,y),F(y,x)) = (g(x),g(y)) = 
(g(x\), g(yi)) is comparable with (F(a,b),F(b,a)) = (g(a\),g(bi)). By using that 
F has the mixed g— monotone property, we observe that g(x) < g(a n ) and g(b n ) < 
g{y) for all n > 1. 

Thus, by 2.1, we get that 
(3.6) 

V>(max{p(g(a;), g(a n+1 )),p(g(y), g(b n+1 ))}) = -0(max{p(F(x, y), F(a n ,b n )),p(F(b ni a„), F(y, a;))}) 

< -0(max{p(5(a;),5(a Il )),p(g(y),g(6„))}) 

-(/)(max{p(5(x),g(a„)),p(g(|/),5(6 n ))}). 

Letting n — > oo we conclude that 

lim max{p(g(x),g(a„ +1 )),p(5(y),5i(6 n+1 ))} = 0. 

n — >oo 

Analogously, we get that 

lim ma,x{p(g(x*), g(a n+1 )),p(g(y*), g(b n+1 ))} = 0. 

n — >oo 

By the triangle inequality, we have 

V{g{x),g{x*)) <p(g(x),g(a n+1 )) + p(g(x*), g(a n+1 )) - p(g(a n+1 ),g(a n+1 )) 
<p(g(x),g(a n+1 )) +p(g(x*),g(a n+1 )) -> as n^ oo, 

p(g(y),g{y*)) < p(g(y), g{K+i)) + v{g{y*),g{K+i)) - p(g{b n+1 ), g(b n+1 )) 
< p(ff(y), ff( fe ™+i)) + p(g(y*),g( b n+i)) -*■ o as n -*■ oo. 

Combining all the observations above, we get thatp(<7(x*), <?(x)) = and p(<7(y*), <?(?/)) = 
0. Therefore, 

(3.7) s(x) =5(»*) andg(y) = g{y*). 

In both of the cases above, we have shown that (3.7) holds. Now, let g(x) = u and 
g(y) — v. By the commutativity of F and g and the fact that g(x) = F(x, y) and 
F(y,x) = g(y), we have 

(3.8) g(u) = 5(5(0;)) = 0(^(3, y)) = F(g(x),g(y)) = F(u, v), 

(3.9) g{v) = flf^d,)) = ff (F(2/, *)) = F{g(y) )9 (x)) = (Fv, «). 

Thus, (w, u) is a coupled coincidence point of F and g. Set u = x* and v = y* in 
(3.8), (3.9). Then, by (3.7) we have 

u = .g(.x) = ,g(.x*) = g(u) and w = g(y) = g(y*) = ,g(u). 

From (3.8), (3.9) we get that 

u = g , (w) = i* 1 (it, w) and w = g(v) — F(v, u). 

Hence, the pair (u, v) is a coupled common fixed point of F and g. 

Finally, we prove the uniqueness of a coupled common fixed point of F. Actually, 
if (z, w) is another coupled common fixed point of F and g, then 

u = g(u) — g{z) = z and v — g(v) — g(w) — w 
which follows from (3.7). □ 
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Corollary 3.2. In addition to the hypotheses of Theorem 2.2, assume that for 
all non comparable points (x,y), (x* ,y*) G X 2 , there exists (a,b) G X 2 such that 
(F(a,b), F(b,a)) is comparable to both (x,y) and (x*,y*). Then, F and g have a 
unique coupled common fixed point, that is, there exists (u, v) G X 2 such that 

u — F{u,v) and v — F(v,u). 

4. Examples 

Example 4.1. Let X = [0, oo) and p(x,y) — max{x,y}. Set g : X — > X and 

F : X x X — > X so that g(x) = x 2 and F(x,y) — ~^ v , respectively. 

Then the operator F satisfies the mixed g-monotone property. Notice that 

ma,x{p(g(x),g(u)),p(g(y),g(v))} = max{max{x 2 , u 2 }, max{y 2 , v 2 }}. 

On the other hand, 

ma,x{p(F(x, y), F(u, v)),p(F(y, x), F(v, u))} 

2 2 2 2 2222 

r x —y u —v y — x v — u %, 
= max{max{ , },max{ , }} 

where x > u and y < v. For ip(t) — t 2 and <j)(t) — %- all conditions of Theorem 2.2 
are satisfied. Therefore Theorem 2.2 yields a coupled coincidence point. In fact, 
(0,0) is the couple coincidence point of F and g. 

Example 4.2. Let X be a real line and p{x,y) — max{i, j/}. Suppose that F : 
X x X — > X is defined as F(x, y) = x ~ y for x, y G X , respectively. 

Then the operator F satisfies mixed monotone property. 

Let x, y, u, v G X with x > u, y < v such that 

(4.1) raax{p(x, u),p(y, v)} = max{max{x, y}, max{u, v}}. 
On the other hand, 

(4.2) max{p{F(x, y),F(u, v)),p(F(y, x), F(v, «))} 

, . . f 2x-2y 2u~2v, f 2y-2x 2v-2u.. 

(4.3) =max{max{ , },max{ , }} 

For the alternating distance function ip(t) — t and <f>(t) = |, all conditions of 
Corollary 2.3 are satisfied. Consequently, Corollary 2.3 yields a coupled fixed point. 
Notice that (0,0) is the coupled fixed point of F. 

5. Applications 

We start this section with the following definition. 

By $, we denote the class of functions : [0, oo) — * [0, oo) satisfying 

(a) 4> is Lebesgue integrable function on each compact subset of [0, oo), 

(b) / <p(s)ds > for any e > 0. 



Corollary 5.1. Let (X, <) be partially ordered set and (X,p) be a complete partial 
metric space. Assume that <p, ip are alternating distance functions. Let F : X x X — > 
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X and g : X — > X where X 7^ 0. Suppose that F has the mixed g-monotone property 

and 

(5.1) 

r max{p(F(x,y),F(u,v)),p(F(y,x),F(v,u))} ,, ■, , < - |-max{p( 9 (x), 9 (u)),p( 9 (j), 5 (i;))} ib(s)ds 

_ /•max{p(g(x),g(«)),p(g(j/),g(t;))} ,, w 

where <fi,ip S $■ Suppose that there exist xo,yo € -X" suc/l t/ia£ 

5^0 < F(x ,y ), gy > F(y ,x )- 
Assume that F is continuous. Then, F and g have a coupled coincidence point. 

Proof. It is clear that the functions £ — > L (fi(s)ds and £ — » L Tp(s)ds are alternating 
functions. □ 

Finally we give the following corollary. 

Corollary 5.2. Let (X, <) be partially ordered set and (X,p) be a complete partial 
metric space. Assume that <f>, ip are alternating distance functions. Let F : X x X — > 
X where I^f). Suppose that F has the mixed monotone property and 

(5.2) 

[•ma,x{p(F(x,y) 1 F(u 1 v)),p(F(y,x),F(v,u))} , / \ . , pmax{p(a;,u),p(y,f)} 



rmaxxpyr (x,y),e (u,v)),p(f (y,x),i> (v,u))} ,/i, < rmax-tp^,ttj,p^,«;| jhfa^S 



{p(x ,u) ,p(y ,v)} 



_jmax WWlWM ^ g)rf 



•s 



where <p,ip G $. Suppose that there exist £0,2/0 € -X suc/i i/iai 

^0 < F(x ,y ), yo> F(y ,x ). 
Assume that F is continuous. Then, F has a coupled fixed point. 

Proof. It is clear that the functions t — > L <p(s)ds and t — > L ip(s)ds are alternating 
functions. □ 
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FIXED POINT THEOREMS FOR GENERALIZED 
CONTRACTIONS IN ORDERED UNIFORM SPACE 

DURAN TURKOGLU AND DEMET BlNBAglOGLU 



Abstract. In this work, we use the order relation on uniform spaces which is 
defined by [1] so we present some fixed point results for monotone operators in 
ordered uniform spaces using a weak generalized contraction-type assumption. 



1. Introduction 

There exists considerable literature of fixed point theory dealing with results on 
fixed or common fixed points in uniform space (e.g. [1,2,3,5,13,16,17,18]). But 
the majority of these results are proved for contractive or contractive type map- 
ping (notice from the cited references). Recently, Aamri and El Moutawakil [1] 
have introduced the concept of _E-distance function on uniform spaces and utilize 
it to improve some well known results of the existing literature involving both E- 
contractive or E- expansive mappings. Lately, I. Altun and M. Imdad [5] have 
introduced a partial ordering on uniform spaces utilizing E- distance function and 
have used the same to prove a fixed point theorem for single- valued non-decreasing 
mappings on ordered uniform spaces. The Banach contraction principle is the most 
celebrated fixed point theorem. Boyd and Wong [7] extended the Banach con- 
traction principle to the case of nonlinear contraction mappings. Afterward many 
authors obtained important fixed point theorems (cf. [1-18]). Recently Bhaskar 
and Lakshmikantham [6], Nieto and Lopez [11,12]], Ran and Reurings [14] and 
Agarwal, El-Gebeily and O'Regan [4] presented some new results for contractions 
in partially ordered metric spaces. 

In this work we use the order relation on uniform spaces which is defined by [5] 
so we present some fixed point results for monotone operators in ordered uniform 
spaces using a weak generalized contraction-type assumption. 

Now, we mention some relevant definitions and properties from the foundation 
of uniform spaces. We call a pair (X, t9) to be a uniform space which consists 
of a non-empty set X together with an uniformity i? wherein the latter begins 
with a special kind of filter on X x X whose all elements contain the diagonal 
A = {(x,x) : x <E X}. If V € $ and (x,y) G V, (y,x) G V then x and y are said 
to be y-close. Also a sequence {x n } in X, is said to be a Cauchy sequence with 
regard to uniformity $ if for any V 6 i?, there exists N > 1 such that x n and x m 
are 1^-close for m, n > N. A uniformity $ defines a unique topology r ($) on X for 
which the neighborhoods of x € X are the sets V (x) — {y € X : (x, y) € V} when 
V runs over #. 



Key words and phrases. Fixed points, Ordered uniform spaces, Generalized contractions. 
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2 D. TURKOGLU AND D. BINBASIOGLU 

A uniform space (X, $) is said to be Hausdorff if and only if the intersection of 
all the V € "d reduces to diagonal A of X i.e. (x, y) <G V for V € i? implies x = y. 
Notice that Hausdorffness of the topology induced by the uniformity guarantees 
the uniqueness of limit of a sequence in uniform spaces. An element of uniformity 
$ is said to be symmetrical if V = V -1 = {(y,x) : (x, y) G V}. Since each Fei) 
contains a symmetrical W <G i? and if (x, y) € VF then x and y are both W and In- 
close and then one may assume that each V € $ is symmetrical. When topological 
concepts are mentioned in the context of a uniform space (X, $) , they are naturally 
interpreted with respect to the topological space (X, r (•&)) . 

2. Preliminaries 

We shall require the following definitions and lemmas in the sequel. 

Definition 2.1 ([1]). Let (X, -d) be an uniform space. A function p : X x X — > R + 
is said to be an E-distance if 

(pi) For any V G $ there exists S > such that p{z, x) < S and p(z, y) < 6 for 
some z € X, imply (x, y) G V, 

{P2) P (x, y) < p (x, z) + p (z, y) , Vx, y, z E X. 

The following lemma embodies some useful properties of _E-distance. 

Lemma 2.2 ([1], [2]). Let (X,i}) be a Hausdorff uniform space and p be an E- 
distance on X. Let {x n } and {y n } be arbitrary sequences in X and {a n }, {{3 n } be 
sequences in M + converging to 0. Then, for x,y,z <G X, the following holds: 

(a) If p(x n ,y) < a n and p(x n ,z) < /3 n for all n € N, then y — z. In 
particular, if p (x, y) = and p (x, z) = 0, then y = z. 

(b) If P (x n ,y n ) < a n and p{x n ,z) < f3 n for all n € N, then {y n } converges 
to z. 

(c) If p{x n ,x m ) < a„ for all m > n, then {x n } is a p—Cauchy sequence in 

Let (X, $) be an uniform space equipped with E-distance p. A sequence in X is 
p-Cauchy if it satisfies the usual metric condition. There are several concepts of 
completeness in this setting. 

Definition 2.3 ([1], [2]). Let (X,$) be an uniform space and p be an E-distance 
on X. Then 

(i) X said to be S-complete if for every p-Cauchy sequence {x n } there exists 
x G X with lim p (x„, x) = 0, 

n — >oo 

(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence {x n } 
there exists x G X with lim x n — x with respect to r ($) , 

n — »oo 

(Hi) f : X — > X is p-continuous if lim p{x n ,x) — implies 

n — ^oo 

limp(/x„,/x) =0, 

n — ^oo 

(iv) f : X — > X is t ($)- continuous if lim x n — x with respect to r {•&) implies 

n — »oo 

lim fx n — fx with respect to r (i?) . 

n — >oo 

Remark 2.1 ([1]). Let (X,-d) be a Hausdorff uniform space and let {x n } be a p- 
Cauchy sequence. Suppose that X is S-complete, then there exists x <G X such that 
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lim p (x n , x) — 0. Then Lemma 1 (b) gives that lim x„ — x with respect to the 

n — >oo n — >oo 

topology t ($) which shows that S -completeness implies p-Cauchy completeness. 

Lemma 2.4 ([4]). Let (A, $) be a Hausdorff uniform space, p be E-distance on X 
and <f : X — > K. Define the relation " -< " on X as follows; 

x < y -^ x — y or p{x, y) < if (x) — if (y) . 

Then " -< " is a (partial) order on X induced by f. 

Definition 2.5. Let (X,$) be an uniform space, " ^ " is an order on X and 
T : X — > X . T is non- decreasing if x,y G X, x <y implies T (x) <T (y) . 

3. Main Results 

Theorem 3.1. Let (A, i?) be a uniform space, " ^ " is an order on X and sup- 
pose there is an E— distance p on X such that (X,p) is a p—Cauchy complete 
uniform space. Assume there is a non- decreasing function ip : [0, oo) — ► [0, oo) with 
lim tp n (t) — for each t > and also suppose T is a non- decreasing mapping with 

n — >oo 

p(T (x) , T (y)) < if (p(x, y)) for all x^y. 
Also suppose either 

(i) T is continuous 
or 

(ii) if {x n } C X is a non decreasing sequence with x n — > x in X then x n ;< x 
for all n 
hold. If there exists an xq G X with xq ^ T(x$) then T has a fixed point. 

Proof. Since ip(t) < t for t > 0, ip is non decreasing and suppose there exists to > 
with to < ip(to) then if is non decreasing as to < V" n (*o) f° r cac h n € {1,2,...}. 
Also, V(0) = 0. 

We take T(xo) = xq. In this case proof is completed. Therefore suppose 

T(xq) 7^ xq. Since xq ^ T(xq) and T is non-decreasing we have 

zo 1 T(x ) * T 2 (x ) ± ... ± T n (x ) ± T n+1 (x ) * .... 

As xq ^ T(xo), we have p{T 2 (xq) ,T (xq)) < ip{p{T(xo),Xo) and since 

T(x ) < T 2 (x ) we have 

p(T 3 (x ) ,T 2 (x )) <iP(p(T 2 (x ),T(x )) < i> 2 (p(T(x ),x )). 

Therefore, as use induction method, 

p(T n+1 (x ),T n (x )) < r(p(T(x ),x ). 

Now, let £ > be fixed. Take n <G {1, 2, ...} so that 

P (T n + 1 (x ),T n (x ))<e-^(e). 

As T n (x ) < T n+1 (x ), then we have 

P (T n + 2 (x ),T n (so)) <p(T n + 2 (x ),T n+1 (x )) + (p(T n+1 (x ),T n (x )) 

<iP(p(T n+1 (xo),T n (x ))) + {s-iP(e)} 

< ip(e-tp(e)) + [e-V(e)] 
< ip(e) + [e- tp(e)] 

= e. 
Furthermore, since T n (xo) :< T" +2 (xo) we have 

P (T n + 3 (x ),T n (x )) <p(T n + 3 (x ),T n+1 (x )) + (p(T n+1 (x ),T n (x )) 

<iP(p(T n + 2 (x ),T n (x ))) + [e-iP(e)] 

< ip(e-ip(e)) + [s- ip(e)] 
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= e. 
Again, by use the induction method p(T n+k (xq) , T n (xo)) < e for fc e {1, 2, ...}. 
This inequality implies that {T"(xo)} is a p— Cauchy sequence in A and also 
that T n (x ) ^ T n+1 (x ) so there exists a x e A with lim T n (x ) = a;. 

n — >oo 

If (i) holds then clearly x = Tx. Now suppose (ii) holds. Assume 

p(x,T(x)) — k < 0. Therefore since x — lim T n (xo) there exists n' G {1, 2, ...} 

n — >oo 

with p(x,T™(xo)) < \ for n > n' . Since from (ii) that T"(xo) ^ x, for n > n 1 we 
have 

p(x,t(x))<p(x,T" +1 (x )) + (p(T(x),:t™ +1 (xo)) 

< | + ?A(p(x,T"(x ))) < f +^(|) < fc. 

This is a contradiction and then T (x) — x. □ 

Theorem 3.2. Lei (A, $) 6e a uniform space, " ^ " is an order on X and sup- 
pose there is an E— distance p on X such that (X,p) is a p— Cauchy complete 
uniform space. Assume there is a non decreasing function ip : [0, oo) — ► [0, oo) with 
lim tp n (t) = for each t > and also suppose T is a non- decreasing mapping with 

n — >oo 

p(T (x) , T (j/)) < V (max{p(x, y) ,p(x, T(x)),p(y, T(y)), - [p (x, T(y))+p(y, T(x))}) 

for all x y y. 

Also suppose either 

(i) T is continuous 
or 

(ii) if {x n } C A is a non decreasing sequence with x n — > a; in X then x n ;< x 
for all n 

hold. If there exists an xq G A wii/i xo ^ T(x$) then T has a fixed point. 

Proof. Since xq < T(xq) and T is non-decreasing we have 
zo < T(x ) * T 2 (x ) * ... * T n (x ) * T n+1 (x ) 1 •■•■ 
Now, we claim that 

p (T n+1 (x ) , T n (xo)) <^(p (T n (xo) , T™- 1 (x ))) ...(1) 
From (1) and T™" 1 (x ) < T n (x ) 

p(T n+1 (xo) ,T n (x )) <xb(m^{p(T n (x ),T n - 1 (x )),p(T n (xo),T n + 1 (x )), 
p(T n - 1 (x ),T n (x )), ib(T™(x ),T"(x ))+p(T"- 1 (x ),T"+ 1 (x ))]}) 

< ip(a n ) 
Where 

a n = max{p (T" (xo) , T^ 1 (x )) ,p (T» (x ) , T" +1 (x )) , 
i[p(T"(xo),T"- 1 (x ))+p(T"(xo),T"+ 1 (a;o))]}. 

If a n = p (T" (xo) .T"" 1 (xo)) then (1) holds. If a n = p (T n (x ) ,T" +1 (x )) 
then p (T n (x ) , T n+1 (x )) = since if not 

p (T n (x ) , T n+l (x )) < ^ (p(T n (x ) , T" +1 (x ))) < p (T™ (x ) , T n+1 (x )) . 

Therefore this is a contradiction. Thus p (T n (x ) ,T Il+1 (x )) = and (1) is 
immediate. Lastly assume a„ = ^(rfxo),! 1 "- 1 ^)) + p(T Il (xo),T™ +1 (a:o))]. 

If a n = then p (T™ (x ) , T n+1 (x )) = and (1) is immediate. 

If a n 7^ we have 

P (T n (x ) ,T n + 1 (x )) < 4>(\[p(T n (xo),T n - x (x ))+p(T n (x ) ,T n + 1 (x ))]) 

<i[p(T"(x ),T"- 1 (x ))+p(T"(x ),T"+ 1 (a ; o))] 
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and therefore 

\p (T n (s ) , T"+! (a: )) < \p (T« (so) , T"- 1 (so)) . 

Then as a result 

a n = ^[ P (T n (xo),T n - 1 (x ))+p(T n (x ),T n + 1 (x ))} 

< \p (T n (so) , T™- 1 (so)) + §p (T" (so) , T n -\x )) 
= p(T n (x ),T n - 1 (x )), 
this contradicts the definition of a n . That is (1) is true in all cases. Thus 
p {T n + l (so) , T n (so)) < ^ n (p (T (so) , x )) 
and so lim p(T" +1 (so),T 11 (s )) = 0. Let e > be fixed. Take n € {1,2, ...} so 

n — >oo 

that 

p_(T™ +1 (so),T"(so)) <e-il>{e). 

Finally, from theorem 3.1, 

p (T™+ 2 (so) , T n (so)) < p (T™+ 2 (so) , T n+1 (s )) + [e - V (e)] < £ -(2) 

and 

p (T"+ 3 (so) , T n (s )) < p (T™+ 3 (so) , T n + l (s )) +[e-il> (e)] 

also from (1) we have 

p (T"+ 2 (so) , T n + 1 (so)) < ^(p (T^ 1 (so) , T"(s ))) < V (e) ...(3). 

Since from (2) and (3) 

p (T™+ 3 (so) , T" (so)) < [e - V (e)] + ^ max{p (T"+ 2 (s ) , T» (s )) , 

p(T«+ 1 (^),r"(xo)),p(r"+ 3 (x ),T™+ 2 (x )),i[p(r«+ 2 (x ),r"+ 1 (xo))+ 

p(T"+ 3 (x ),T"(x ))]) 
<[£-^(e)]+^(max{ £ , £ -^(e),V 2 (e),i^(£)+P(T" +3 (x ),T"(x ))]) 
< [ e _ ^ ( e )] + </, (/3 j 

and thus from (1) and (3) we have 

p (T«+ 3 (so) , T«+ 2 (so)) < V (P (r n+2 (so) , T™+! (so))) < V* (e) ; 

where (3 n = max{e, ±ty (e) + p (T"+ 3 (s ) ,T" (s ))]}. 

If /3„ = i[V (e) +p (T"+ 3 (so) ,r (so))] (here /3„ > 0), then 

p (T™+ 3 (so) ,T" (s )) < [e - V (e)] + §[V> (e) +P (T™+ 3 (x ) ,T" (s ))] 

therefore 

ip (T"+ 3 (a; ) , T" (so)) < [s - ij) (e)] + |V (e) . 

and in conclusion 

/3„ - |[V (e) + P (T"+ 3 (s ), r»( a ;o))]<|V(e) + {[e-V(e)] + \i> (s)} = e. 

This contradicts with the definition of f3 n . Consequently (5 n — e and so 

P (T n + 3 (x ) 1 T n (x ))<[e-ij(e)}+^(e)^e. ...(4). " 

Finally notice that 

p (T"+ 4 (so) , r (s )) < p (T™+ 4 (s ) , T" +1 (so)) + [e - V (e)] ■ 

Furthermore 

p (T™+ 3 (s ) , T" +1 (s )) < ^(max{p (T"+ 2 (s ) , T" (s )) , 

p (T" +1 (s ) , T" (s )) ,p (T"+ 3 (so) , T n + 2 (s )) , 
i[p(r«+ 2 (so),T"+ 1 (so))+p(T™+ 3 (s ),r"(^o))]}) 
< V(max{e, e - V (e) , ^ (e) , 5 P ( e ) + £ ]» 

as from (1) we have 

p (T"+ 3 (so) , T"+ 2 (s )) < ^ 2 (p(r™+! (s ) , T" (so))) < ^ 2 (e) . 

As a result p (T™+ 3 (s ) , T™ +1 (s )) < V (e) • --(5). 

So, (4) and (5) 

p (T"+ 4 (s ) , T" (s )) < [e - ^ (e)] + P (T" +4 (so) , T" +1 (s )) 

< [e - V (e)] + V(max{p (T"+ 3 (s ) , T n (s )) , 
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p (T^ 1 (s ) , T" (s )) ,p (T"+ 4 (s ) , T"+ 3 (s )) , 
\ [p (T"+ 3 (x ) , T"+! (x )) + P (T"+ 4 (s ) , T" (so))]}) 
< [e - V (e)] + ^(max{ £ , £ - V (e) , V" 3 (e) , |[V> (e) +P (T"+ 4 (s ) ,T" (x ))]}). 
Since from (1) we have 

p (T™+ 4 (x ) , T"+ 3 (so)) < <A 3 (p (r n+1 (so) , T™ (s ))) < V 3 (e) ■ 
In conclusion 

p (T™+ 4 (s ) , T" (s )) <[e-i/> (e)] + ^ (k n ) , 
fc„ = max{e, \[%l> (e) + p (T"+ 4 (s ) , T n (s ))]}. 
Thus, see that k n = e and so, 

p (T"+ 4 (so) , T" (s )) < [e - $ (e)] + V (e) = £■ -(6). 
Similarly for fce{l, 2, ...}, 

p (T"+ fc - 1 (s ) , T™ +1 (s )) < V (e) and p (T n+k (s ) , T" (s )) < e ...(7). 
Therefore {T" (so)} is a p— Cauchy sequence in X, so there exists a s G X with 
lim T" (s ) = s. 

n — >oo 

Since (i), s = T (x) . Assume (ii) holds and p(x,T (s)) = £ > 0. Now since 
s = lim T n (so) there exists noe{l, 2, ...} with p (s, T" (so)) < § for n > no. Since 

n — >oo 

from (ii) that T n (so) ^ s then for n > no, 

p (s, T (s)) < p (s, T" +1 (s )) + p (T (s) , T™ +1 (s )) 

< p (s, T" +1 (so)) + ^(max{p (s, T" (s )) , 
p(s,T(s)),p(r"+ 1 ^o),T"(s )), 
i[p(s,r"+ 1 (^o))+p(T(s),r"(s ))]}). 
Furthermore p (s, T™ (s )) < | <t = p(x,T (s)) , 

p(r n + 1 (*o).r n (»o)) < pfoT" (s )) +p(s,T"+ 1 (so)) <§ + § = *, 
and also 

i[p(s,r"+ 1 (s ))+p(r(s),r™(s ))]})< i[§+p(s,T(s))+p(s,T"(s ))] 

< §[§+*+§]=*. 
Consequently we have p (s, T (s)) < p (s, T™ +1 (s )) +V'(p ( x i T (s))) for ri > n , 
then letting n — > oo yields p (s, T (s)) < i/;(p (a;, T (s))) which is a contradiction. 
Thus p(s,T(s)) = 0. D 

Theorem 3.3. Let (X, #) be a uniform space, " ^ " is an order on X and suppose 
there is an E— distance p on X such that (X, p) is a p— Cauchy complete uniform 
space. Assume there is a t (J)) — continuous function tp : [0, oo) — > [0, oo) with 
lim ip n (t) — for each t > and also suppose T is a non- decreasing mapping with 

n—>oo 

p(T (s) ,T (y)) < ip(max{p(x,y),p(x,T(x)),p(y,T(y))) for all x > y. 

Also suppose either 

(i) T is continuous 

or 

(ii) if {x n } C X is a non decreasing sequence with x n — > s in X then x n ^ s 
for all n 

hold. If there exists an x G X with s ^ T(so) then T has a fixed point. 

Proof. Let 7ll = p (T n+1 (s ) , T n (s )) . Notice since T n (s ) >r T™" 1 (s ) that 
7n < ^(max{p (T" (s ) , T"" 1 (s )) ,p (T» (s ) , T"+ 4 (s )) , 
p^-^so^T^so))}) 
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= V (max{p (T« (so) , T"- 1 (a*)) ,P (T" +1 (a*) , T" (a*))}) 

= V(max{7„_ 1 ,7„}). 
We now show 

7„ < V> (7„-i) • -(8) 

If max{7 n _ 1 ,7 n } = 7„_i then above inequality is true, whereas if 

max{7„_ 1 ,7„} = j n then 7 n < ip (~f n ) and so 7„ = 0, so (8) is immediate. 
Therefore (8) holds. Now since j n < ip (7„_i) < 7 ra _i there exists 7 > with 
7 n J, 7. Now 7„ < ip (7 n _i) together with the continuity of ip implies 7 < ip (7) so 
7 = 0. As a result 

7n = p (T" +1 (s ) , T" (x )) - as n - 00. ...(9) 

Thus {T n (s )} is a p— Cauchy sequence. ...(10) 

Now, suppose (10) is false. Then we can find a 5 > and two sequences of 
integers {m (fc)}, {I (k)}, m (fc) > I (fc) > k with 

r k = P (T 1 ^ (s ) , r< fc > (s )) > S for fc e {1, 2, ...}. ...(11) 

Also suppose 

p (T m ^- 1 (x ),T l ^(x ))<S, ...(12) 

by choosing to (fc) to be the smallest number exceeding /(fc) for which (11) holds. 
Now 

S < r k <p(T m ^- l (x ),T l ( k Hx ))+p(T m ^ (x ) ,T m ^~ 1 {x )) < *+7m(k)-i, 

so with this, (9) implies 
limr fc = 6. ...(2.14) 

Furthermore note that T m W (s ) h T l( - k} (s ) since to (fc) > / (fc) 

5 < r k < p (T'« +1 (x ) , T'( fe ) (s )) + p (T m ^ +1 (x ) , T m « (s )) 

+p(r m (*)+i(a; ),T'( fc ) +1 (a:o)) 

= 7« fc) + 7 ro(fe ) + P (T m ( fe ) +1 (so) , T'( fe )+! (so) ) 

< 7i( fc ) + 7 ro(fe ) +^(niax{p(T™( fc ) (s ) , T<«(s )), 

p (rW (s ) , T™( fe )+ 1 (so) ) , P (T'« (so) , T'( fe )+! (s ) )} 

= 7j(fc) + l m (k) + H r k, 7i(fe),7 ro ( fe )}) 
and let fc — > 00, since (9), (13) and ?/> are continuous then 6 < ip (S) . Thus 
<5 = 0, which is a contradiction. As a result (10) holds, so there exists s £ A with 
lim T n (s ) = s. 

n — >oo 

If (i) holds then clearly s — T (x) . Now suppose (ii) holds. Since from (ii) that 
T n (s ) ^ s then 

p (s, T (s)) < p (s, T" +1 (s )) + p (T(x),T n+1 (s )) 

< p (s, T™ +1 (s )) + V(max{p (s, T" (s )) , 
p(s,T(s)),p(T"+ 1 (xo),T"(s ))}) 
<p(s,r"+ 1 (so))+^(max{p(s,T"(s )),p(s,T(s)),7„}) 
and let n — > 00 since ^ is continuous then obtain p (s, T (s)) < -0 (p (s, T (s))) , 
so p(s,T(s)) =0. □ 
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NONSTANDARD FINITE DIFFERENCE SCHEMES FOR 
FUZZY DIFFERENTIAL EQUATIONS 

DAMLA ARSLAN, MEVLUDE YAKIT ONGUN, AND ILKEM TURHAN 



Abstract. In this paper, a method for numerical approximation of fuzzy first 
order initial value problem is presented. We construct and develop nonstan- 
dard scheme for fuzzy differential equations. The scheme based on the non- 
standard finite difference scheme is discussed. Examples are given, including 
nonlinear fuzzy first order differential equations. 



1. INTRODUCTION 

The theoretical framework of fuzzy differential equations (FDEs) has been an 
active research field over the last few years. Fuzzy differential equations are used 
in modelling problems in engineering and sciences. Namely in study of population 
models [15], quantum optic, gravity [12], medicine [3] and [5]. After introducing 
suffcicnt conditions for the existence of unique solutions of these equations, nu- 
merical methods for approximating these solutions were developed [1] and [19]. A 
comprehensive approach to FDEs has been the work of Scikkala [24] , especially in 
its generalized form given by Buckley and Feuring [7] . Their work is important as it 
overcomes the existence of multiple definitions of the derivative of fuzzy functions, 
i.e. [11, 14, 19, 23, 24]. Moreover, in [7], a more general family of FDEs is faced 
from an analytical point of view. The results of [24] on a certain category of FDEs 
have inspired several authors who have applied numerical methods for the solution 
of these equations. Other methods were discussed by Puri and Ralescu [23] and 
Goetshchel and Voxman [14]. The use of fuzzy differential equations are natural 
way to model dynamical system under possibilistic uncertainty [25]. The concept 
of differential equations in a fuzzy environment was formulated by Kaleva [16]. The 
last few years, several authors have produced a wide range of results in both the 
theoretical and applied fields [6, 10, 16, 17, 24]. 

The most important contribution on these numerical methods is the Euler method 
provided by Ma [19]. Although this work is significant, it has the disadvantage that, 
when examining the convergence of their Euler method, the authors practically work 
on the convergence of the ODEs system that occurs when solving numerically. The 
authors of [2] develop runge kutta method for FDEs. However, their work shares 
the same problems as [19] and concentrates exclusively on this methods [8]. Follow- 
ing the results of, we apply nonstandard finite difference schemes for FDEs. The 
paper is organized as follows: 

In Section 2, we give all the theoretical background we need and present, in 
sort terms, the theory of FDEs that is necessary for our goal, nonstandard finite 
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difference schemes for solving FDEs are introduced in Section 3. The applications 
of the proposed numerical schemes are illustrated in Section 4. The conclusions are 
then given in the final part, Section 5. 



2. SOME DEFINITONS AND THEOREM ABOUT FUZZY LOGIC 

Firstly, we give some basic definitions and results. The solutions of FDEs are 
fuzzy functions, whose values are fuzzy numbers, for which we follow the definition 
of [4, 8, 20, 23]. 



Definition 2.1. The membership function embodied the mathematical representa- 
tion of membership in a set, and the notation used throughout this text for a fuzzy 
set is a set symbol with a tilde underscore, say A , where the functional mapping is 
given by; 

fi A :X^ [0, 1] 



x <G X and \i A (x) 



l,x E A 
0,x(£A 



and the symbol )J- A (x) is the degree of membership of element x in fuzzy set A. 
Therefore, H A ( X ) * s a value on the unit interval that measures the degree to which 
element x belongs to fuzzy set A; equivalently, fJ, A (x) is a degree to which x £ A 
and fuzzy set A is given by; 

A = {(p A {x),x) :xeX} 

Definition 2.2. A fuzzy number is a normalized fuzzy set A of R, for which the 

following conditions hold: 

i) jjl a is upper semi continuous, 

ii) A is convex 

Hi) Sets {x £ R, n A (x) = a } are compact for a £ (0, 1]. 

We say that a fuzzy number is triangular if its membership function is a triangle 

(see Fig. 2.1). The membership function of a triangular fuzzy number C can be 

easily found if the interval [C1.C3] of its basis and the summit C^, are known. For 

this reason, triangular fuzzy numbers are denoted by (C1C2,, C3). The set of fuzzy 

numbers is symbolized as _F(R). Before defining FDEs, we summarize a few things 

about them. And the other hand, we say that a fuzzy number is trapezoidal if its 

membership function is a trapezoidal (see Fig. 2.2). The membership function of a 

triangular fuzzy number C can be easily found if the interval [CiC^ of its basis and 

the summit C'2. are known. For this reason, triangular fuzzy numbers are denoted 
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by (C1/C2,, C3/C4). The set of fuzzy numbers are symbolized as F(M). 




Figure 2.1. Triangular fuzzy numbers 



0.5 1 1-5 2 2j 3 

Figure 2. 2. Trapezoidal fuzzy numbers 



Definition 2.3. We begin by considering a fuzzy set A G P(R), then define a 
a — cut set, A a , where < a < 1. The set A a is a crisp set called the a — cut (or 
lambda (X)-cut) set of the fuzzy set A a ,where 

A a = {xeX: n A {x) > a} = [A<?(x), A%(x)} 

Note that the a— cut set A a does not have a tilde underscore; it is a crisp set derived 
from its parent fuzzy set A a . Any particular fuzzy set A a can be transformed into an 
infinite number of a— cut sets, because there are an infinite number of values a on 
the interval [0, 1] . Any element x <G A a belongs to A a with a grade of membership 
that is greater than or equal to the value a. 

Furthermore, we focus on fuzzy numbers with the property that for A € F(R) the 
set {x G R : H A (x) > a} is bounded. This turns out to be a vital property when 
applying numerical methods. The following proposition gives arithmetic operations 
of fuzzy numbers in terms of their a-cuts. 

Definition 2.4. A fuzzy number u is a fuzzy subset of the real line with a normal, 
convex and upper semi continuous membership function of bounded support. The 
class of fuzzy numbers will be denoted by F(M). A fuzzy number u is completely 
determined by any pair u(x;a)= [ui(x;a),U2(x;a)] and < a < 1, which satisfy 
the three conditions: 

i) Ui(x;a) is a bounded left continuous monotonic increasing function a G (0, 1], 
it) v,2(x; a) is a bounded left continuous monotonic decreasing function a € (0, 1], 
Hi) ui(x;a) < U2(x;a), < a < 1 [22]. 

A triangular fuzzy number U is defned by an ordered triple U — (^1,^2,^3) € F(M) 
with U\ < U2 < U3 where the graph ofU(x) is a triangular with base on the interval 
\U\, U3] and vertex x — 1/2- N is always a closed, bounded interval [18] and [22]. If 
U = {Ui,U 2i U z ) then 

U a = [U x + a(U 2 - t/i), U 3 - a(U 3 - U 2 )} 

for any < a < 1. 

Proposition 2.5. If P,Q € F(R) then for a e (0, 1] 

lP + Q]a = lP?+Q < ?,P?+Q2] 

[P.Q] a = [min{P 1 a .Q«,P 1 a .Q«,P«.Q«,P 2 a .Q«},ma X {Pf.Q?,P 1 a .Q^P 2 a .Q?,P 2 a .^}] 



185 



4 D. ARSLAN, M.Y. ONGUN, AND I. TURHAN 

Let P G .F(R). // there exists a fuzzy numbere R such that P + R = Q then this 
number is unique and it is called Hukuhara differential of P, Q and is denoted by 
Q-P[8, 23]. 

Let A; B two nonempty bounded subsets o/R. The Hausdorff distance between A 
and B is 



dn{A, B) = max 
If P,Q € .F(R) the distance D between P and Q is defined as 



supinf la — 61 
aeAbeB 



sup inf \a — b\ 

beB a ^ A 



D(P,Q)=suvd H ([P] a ,[Q} a ) 
Definition 2.6. The supremum metric d^ on F(M) is defined by 
doo = sup{djr([17] a , [V] Q ) : a e J} 

and (F(M),doo) is a complete metric space. 

Definition 2.7. Let U be an open interval in R. A fuzzy function / : K — > F(R) 

is called to be Hukuhara differ entiable in x a G U if there exists f'(xo) € F(M) such 

that 

v ^ ff(xo + h)-f(x ) ,. \ 

km doo , / (x ) = 

fc->o+ V h 



and 



lim d a 



f(x) - f(x - h) 



f'(x ) 



both exist and they are equal to f'(xo) [8, 18, 23]. 
When this derivative exists, it is also written as 

\f(x)] a = [(f?)\x),{K)\x)] 

Let (/")', (/i*)' a ^ so be continuous functions with reference to both x and a € (0, 1]. 
This property is called continuity condition. As we already mentioned in the intro- 
duction, in [4] the following proposition is proved [8] . 



Definition 2.8. The fuzzy integral 

I y(t)dt, 

J a 

is defined by 



y(t)dt 



0< a< b< 1 



y?(t)dt, / y%(t)dt 



provided the Lebesgue integrals on the right exist [18]. 

Remark 2.1. If f : I — > F(R) is Hukuhara differ entiable and its Hukuhara deriv- 
ative f is integrable over [0,1], then 



fit) = /(to) 



f'{s)ds 



l-o 



for all values of to, t where < to < t < 1 [18]. 
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Definition 2.9. A mapping y : I — ► F(R) is called a fuzzy process. We denote 

[y(t)} a = {yi(t),y 2 (t)} 

The Seikkala derivative y'(i) of a fuzzy process y is defined by 

provided the equation defines a fuzzy number y'(t) G F(R) [18]. 

Remark 2.2. If y : K — > ^(IR) is Seikkala differ entiable and its Seikkala derivative 
y' is integrable over [0, 1], i/ien 

</(*) = I/(*o) + / ^(*)d« 

J to 

/or a/Z values oftg,t where to,t G / [18]. 

Definition 2.10. Consider the first- order fuzzy differential equation y' = f(t,y), 
where y is a fuzzy function of t, f(t, y) is a fuzzy function of crisp variable t and 
fuzzy variable y, and y' is Hukuhara or Seikkala fuzzy derivative of y. If an initial 
value y(t ) — y is given, a fuzzy cauchy problem of first- order will be obtained as 
follows: 

(2.1) y'(t) = f{t,y{t)), t <t<T, y{t ) = y 

Sufficient conditions for the existence of a unique solution to Eq. (2.1) are: 

i) Continuity of f, 

ii) Lipschitz condition d 00 (f(t,x),f(t,y)) < L d 00 (f(t,x)), L > 0. 

By theorem 5.2 in [9] we may replace Eq. (2.1) by equivalent system, 

(2.2) y'(t;a) = f(t,y,a) = (fi(y,t),fc(y,t)) - (F(t, yi ,y 2 ),G(t, yi ,y 2 )) 

y(t ;a) = (y 1>0) j/ 2 ,o) 
which possesses a unique solution (2/1,2/2) which is a fuzzy function, i.e. for each t, 
the pair (y 1 (t), 2/2(0) * s 0, fuzzy number. 

In some cases the system given by Eq. (2.2) can be solved analytically [13]. In 
most cases, however analytically solutions may not be found and a numerical ap- 
proach must be considered. Some numerical methods such as the fuzzy Euler method, 
Adams-Bashforth, Adams-Moulton and predictor-corrector in FDE presented in 
[4, 13, 18, 19]. 

3. NONSTANDART FINITE DIFFERENCE SCHEMES FOR FUZZY 
DIFFERENTIAL EQUATIONS 

A fuzzy differential equation is 

(3.1) f = /(tf,t,A;a), 

where A is n-parameter fuzzy vector. The simplest nonstandard finite difference 
schemes are constructed by making the replacements [21, 22]. 

t->tk = (Ai)fc = hk, h = At 

y (t; a) = y(t k ; a) = [y k ] a = [y 1>k , y 2 , k ] 



dy 
dt 



Vi,k+i - 3/1, k 2/2,fe+i - 2/2, k 



<l>l(h,\l) </ , 2 ( /l ;A 2 ) 



[F(yi,k,yi,k+i,h, Xi),G(y 2 ,k,y2,k+i,h, A 2 )] 
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where [X] a = [X\, A2] • The discrete derivate, on the left-side, is a generalization [22] 
, where the denominator fuzzy function <j>{h, A; a) = [<f>i(h, Xi),<p 2 {h, A2)] has the 
property 

<t>(h,X;a) =h + 0(h 2 ). 
Examples of fuzzy denominator functions <j>(h, A; a) that satisfy this condition are 

h 

sin(/i) 

e h - 1 
cf)(h,X;a) = ■{ 1 - e~ h 

Ma 



4. NUMERICAL EXAMPLES 

In this section, we show two examples. In example 4.2, the approximated solu- 
tions are obtained by nonstandard finite difference schemes and runge-kutta method 
are plotted in figures. While doing this, we use different nonlocal terms. 

Example 4.1. A fuzzy differential equation is 

y'(t) = Xy 2 +f3y-2, t e [0,1]. 

If we use nonlocal term following form 

y(t:a) -» [y k ] a 

y 2 (t;a) -> [y k +iyk] a 
we obtain 

X[y k +iyk]a + /3[y k ] a - 2 
[y k ] a {l + h(3) - 2h 
1 - A[y fe ] Q 



[Vk+l]a ~ [Vk]c 



h 
[Vk+l]a = 

where denominator functions are given by 

h = 4>{h, A; a) 
l + f3h + 0(/3 2 ,h 2 )^e^ h 



e Ph_ 1 

h — > — = (/>(/i, /?; a) 



and we obtain, 



[yk+i\ 



P 



[y*]a(l + <K/i, A; a)/3) - 2<j){h, A; a) 



1 - A[y fe ] Q 
/f we choose different nonlocal terms: 

y(t;a) -+ [y fe ] Q 
2/ 2 (t;a) _► [j/ fe y fe ] Q 
we obtain, 

[Vk+i\ a = Xh[y k y k ] a + [y k ] a (l + h/3) - 2/i 
[yfe+i]a = A</>(/i, A; a)[y fe y fc ] Q + [y fe ] Q (l + ^(/i, A; a)/3) - 2(f>(h, A; a). 
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A fuzzy differential equations system is 

x'(t; a) = —kyx — Ix 

(4.1) y'(t;a) = -kyx-x 2 y + ly. 

For < a < 1 , [fc]„ = [fci,fc 2 ], [i] a = [h,h], [yk] a = [j/i,k, J/2,fc], [zfc]a = Fi,fc,£2,fc] 
and y(0; a) = [O.f + 0.1a, 0.3 - 0.1a], x(0; a) = [0.25 + 0.25a, 1 - 0.5a]. 

Case 1 : If we use these non-local terms in first equation of system (4.1): 

x(t;a) -* [xk] a 
y(t;a) -*■ [y k +i] a 
(xy)(t;a) -» [x k+1 y k ] a 
x 2 (t;a) -> [x k+1 x k ] a 
(x 2 y){t;a) -> [x k+1 x k y k ] a 



we obtain, 






= k[x k+1 y k \ a l[x k \ a 


and 




(4.2) 


r i _ [a>k]a(l - W) 

(1 + fc/l[j/fe] a ) 


where denominator functions are given by 




f - fi - ^ 






We obtain 




(4.3) 


r , [a;fe] a (l-0 1 (/i,A;a)Z) 

Ffc+lja = /i , . - /> > „u i v 



And if we use these non-local terms in systems (4.1), 

[yk+i] a - [y k ] a 



h 



[y. 



'fc+lja 



= -k[x k+1 y k ] a - [x k+1 x k y k ] a + l[y k+1 ] a 
[y k ] a - hk[x k+ iy k ]g - h[x k+ ix k y k ] a 



(4.4) 



[y 



fc+lja 



[yk]a - 4>i{h, A; a)k[x k+1 y k ] a - ^(h, A; a)[x k+1 x k y k ] a 



1 — <f>i(h, A; a)l 

For Case 1, nonstandard finite difference schemes(NFDS) solution and Runge Kutta(RK) 
solution are, in turn, given by Tablel and Table 2 at t = 0.3, h = 0.1, k = 
(0.6/1/1.6), I = (0.3/0.5/1). 



a 


[xi,x 2 ] 


[j/i,2/2] 


0.0 


.2244390804561129,.6576804535607970, 


. 1032047926283471,-2234385872420912 


0.2 


.2644511153616336,.6177753344071575, 


.1226856257121523, .2222967264702617 


0.4 


.3026930617722152, .5731303484807911, 


.1413768549298307,.2185949011368412 


0.6 


.3391322669787342, .5233153290117534, 


.1591432957482870,-2122393855959653 


0.8 


.3737510387516800,.4679161611795227, 


. 1758703848701428,-2031877997687871 


1.0 


.4065461856588474,.4065461856588474 


.1914641809109783,-1914641809109783 



Table 1: NFDS solotions of system (4.1) for Case 1 
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a 


[xi,x 2 ] 


[2/1,2/2] 


0.0 


.2343168288531087,. 7787578518741462 


.1028553497464426,. 2007221062594857 


0.2 


.2775978932994965, .7164313414916264 


.1220686035514132,. 2050699613953046 


0.4 


.3194559435659985, .6513565295450350 


.1403680147350854,. 2061115756662631 


0.6 


.3598234574229595, .5831236878558108 


.1575901611523887,. 2036778273531992 


0.8 


.3986499888341699,. 5113917939934632 


.1735926541370104,. 1977062976428317 


1.0 


.4359025487166450,.4359025487166450 


.1882552928913357,. 1882552928913357 



Table 2: RK solutions of system (4.1) 

Case 2 : Differently from Case 1, if we use these non-local terms and solve 
equation (4.1), 

x(t;a) -» [x k+ i] a 

y(t;a) -> [yk+i] a 

(xy)(t;a) -*■ [x k+1 y k ] a 

x 2 (t;a) -> [x k+1 x k ] a 

(x 2 y)(t;a) -> [x k+1 x k y k+1 ] a 

we obtain denominator functions; 

e ih _ 2 

= <j> 2 (h,\;a) 



I 



where we obtain solutions which are 

(4.5) [x k +i] a 



[Xk]c 



(4.6) 



[Vk+l]a = 



1 + l(f> 2 (h, A; a) + k(f> 2 (h, A; a)[y k ] c 
-0i(/i, A; a)fc[x fe+ i|/fe] Q + [y k ] a 



1 - ^(/i, A; a)l + cjy^h, A; a)[x fc+ ia; fc ] Q 
For Case 2, the nonstandard finite difference schemes solution is given by Table 3 
(for h = 0.1). 



a 


[xi,x 2 ] 


[2/1,2/2] 


0.0 


.2244393158463085, .6569254938899954 


.1031864918521038,. 2284538214265367 


0.2 


.2644514586359461, .6173650478446476 


.1226641534499551, .2255197656126929 


0.4 


.3026932468309790,. 5729268990826093 


.1413627023789611, .2205176325002552 


0.6 


.3391314883571007,. 5232258689257032 


.1591566020343204,. 2132772481277070 


0.8 


.3737475157108241, .4678828617416123 


.1759435222624581, .2036730727685865 


1. 


.4065365732029463,-4065365732029463 


.1916440065194761, .1916440065194761 



Table 3: NFDS solutions of system (4.1) for Case 2 

Case 3 : Differently from Case 1 and Case 2, we use non-local terms: 

x(t;a) -> [x k+ i] a 

y(t;a) -> [y k ] a 

(xy)(t;a) -> [x fe y fe ] Q 

x 2 (t;a) — > [a; fc a;fe]a 

(x 2 y)(t;a) — > [x^a^y*;],* 

where, we obtain solutions which are 

[£*]<* - 02 C*) ^! a)^[^fc2/fc]a 



(4.7) 



[xfc 



+ 1Jq 



1 + l<t> 2 (h, A; a) 
(4-8) [2/fe+i]« = [j/fc] a (l + 4>2( h > A; a ) 1 ~ 02( ft > A; a)fc[x fe ] Q - 2 (/i, A; a)[x fe a; fe ] Q ) 
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For Case 3, the Nonstandard Finite Difference Schemes solutions are given by Table 
4 (for h = 0.1). Table 5 and Table 6, shows absolute of error for NFDS and RK 
solutions. Figure 4.1 and Figure 4.2 are shown graphics for solutions (for h — 0.1) 



a 


[xi,x 2 ] 


[2/1,2/2] 


0.0 


.2242950684129496,-6489023869377528 


.1029836421924408,-2030236835539285 


0.2 


.2641841716892893,.6108002084916311 


.1222641336629243,. 2071325318795353 


0.4 


.3022404186434742, .5678566555488764 


.1406445396599407,-2078133420041893 


0.6 


.3384154454005998,-5195484899654308 


.1579576426725296,-2049707387763659 


0.8 


.3726760677253374,.4654021103117395 


.1740551115790624,. 1986019750715187 


1.0 


.4050046958176773,-4050046958176773 


.1888087250626280,. 1888087250626280 



Table 4: NFDS solutions of system (4.1) for Case 3 



a 


Case 1 


Case 2 


Case 3 


0.0 


0.1309551469 


0.1317098713 


0.1398772257 


0.2 


0.1118027850 


0.1122127284 


0.1190448546 


0.4 


0.0949890628 


0.0951923272 


0.1007153990 


0.6 


0.0804995493 


0.0805897880 


0.0849832099 


0.8 


0.0683745828 


0.0684114054 


0.0719636048 


1.0 


0.0587127260 


0.0587319510 


0.0617957058 


Table 5: For x absolute error \NFDS-RK\ 


a 


Case 1 


Case 2 


Case 3 


0.0 


0.0230659238 


0.0280628573 


0.0024298698 


0.2 


0.0178437872 


0.0210453540 


0.0022581006 


0.4 


0.0134921656 


0.0154007445 


0.0019782913 


0.6 


0.0101146927 


0.0111658615 


0.0016603929 


0.8 


0.0077592330 


0.0083176434 


0.0013581350 


1.0 


0.0064177760 


0.0067774272 


0.0011068644 



Table 5: For y absolute error \NFDS-RK\ 

1 





Figure 4.1: The results of x, for h— 0.1 and t— 0.3. 



Figure 4.2: The results of y, for h— 0.1 and t— 0.3. 



5. CONCLUSION 

In this paper, a new method has been presented for solving fuzzy differential 
equations. NFDS used different non-local terms, which provides high accuracy 
compared to other methods. Two numerical methods based on fuzzy differential 
equations were compared: the Nonstandart Finite Difference Schemes and the 
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Runge Kutta method. We showed that our proposed Nonstandart Finite Differ- 
ence Schemes, for different non-local terms, is more accurate and gives a better 
approximation than the method presented in. 
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DYNAMICAL ANALYSIS OF A RATIO DEPENDENT 
HOLLING TANNER TYPE PREDATOR PREY MODEL WITH 

DELAY 

CANAN gELIK 



Abstract. In this paper, a ratio dependent delayed predator-prey model with 
Holling- Tanner type functional response is studied. The local stability of a 
positive equilibrium and the existence of Hopf bifurcations are established. 
By using the normal form theory and center manifold theorem, the explicit 
algorithm determining the stability, direction of the bifurcating periodic solu- 
tions are derived. Finally, numerical simulations for justifying the theoretical 
analysis are also presented. 



1. Introduction 

In recent years, the dynamics properties of the predator-prey models which have 
significant biological background have received much attention from many applied 
mathematicians and ecologists. In order to incorporate various realistic physical 
effects that may cause at least one of the physical variables to depend on the 
past history of the system, it is often necessary to introduce time-delays into these 
models. Many theoreticians and experimentalists concentrated on the stability of 
predator-prey systems and, more specifically they investigated the stability of such 
systems when time delays are incorporated into the models. Time delay may have 
very complicated impact on the dynamical behavior of the system such as the 
periodic structure, bifurcation, etc. For references see [l]-[8] and [10]-[38]. 

There have been many works which are devoted to the studies of dynamical be- 
haviors for predator-prey systems with various functional responses. But, recently, 
many researchers found that when predators have to search for food and, therefore, 
have to share or compete for food, a more suitable general predator prey theory 
should be based on the so-called ratio-dependent theory, which can be roughly 
stated as that the per capita predator growth rate should be the so-called ratio de- 
pendent functional response. So our aim in this paper is to investigate the following 
delayed predator-prey system with Holling- Tanner type functional response 

« = N(t)(l-N(t))- *ft> P (*- T > 
dt [,[ [,) N(t) + aP(t-r) 



(1.1) 



dP{t) - mt-r)(S- P ^l) 



dt ' v N(t) 

where a, (3 and 5 are positive constants, and N(t) and P(t) can be interpreted as 
the densities of prey and predator populations at time t, respectively and r > 



Key words and phrases. Predator-prey system, discrete delay, Hopf bifurcation, stability. 
2010 AMS Math. Subject Classification. Primary:34K18, 34K20, 37D25; Secondary: 92D25. 
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denotes the time delay for the predator density. In this model, prey density is logis- 
tic with time delay and the carrying capacity proportional to predator density. In 
many of the studies related to stability of predator prey models, authors consider 
constant carrying capacity, however in this study, we focus on the carrying capac- 
ity proportional to prey density (ratio-dependent) which shows really interesting 
behavior in terms of dynamical structure. 

The organization of this paper is as follows: In Section 2, we study the local 
stability of the equilibrium point of the corresponding characteristic equation. In 
Section 3, we illustrate the existence of Hopf bifurcation. The direction and stability 
of Hopf bifurcation are investigated in Section 4. Finally in Section 5, numerical 
simulations are performed to support our theoretical results. 

2. Equilibrium and Local Stability Analysis 

System (1.1) has a unique positive equilibrium point Eq = (Nq,Pq) where 
^o = 4+5^ ■ P o = ^( 1 |+a7' 5 )- To analyze the local stability of the positive 
equilibrium Eq = (Nq,Pq),w6 first use the linear transformation n(t) = N(t) — Nq, 
and p(t) = P(t) — Pq where n< 1 and p <C 1 for which the system (1) turns out 
to be 

<2,1) f - *^™-t^> 

and using relations 7V *(1 - iV *) - j$^p* = and /3P *(<5 - ^t) = 0, ignoring 
the higher order terms yield the following linear system 

^ - (1 2N* P °* I PSNS )n(t) 

dt (1 27V ° N*+aP* + (NS+aP5)* )m 

N* aP*N* 



(2.2) 



+( N S +aP* + (N S +aP*r )p{t T) 



dt n* (N*y 



whose associated characteristic equation is given by the transcendental equation 
(2.3) A 2 - Ai\ - A 4 \e- XT + {A-^Ai - A 2 A 3 ) e - XT = 





i Ai = 
KPS) 2 

W) 2 


1 - 
and 


2iV *- 
A 4 = 




P* P* AT* 

r 1 ^0^0 A 


JV* 


+ 


a p* 


JVn* 




A 3 = 


--/36 


J+aP * ' {N'+aPSY ' ^ 

-2^£. and 

iV 


N*+ a P* 


W+aPS 


V 


(2.4) 
when 


i 






A 2 - 


■Ax\- A 4 \e- XT + A 5 e- XT 
A 5 = A X A 4 - A 2 A 3 . 


= 










When there 
reduces to 


is no 


delay, 


i.e.. 


, t = 0, the corresponding characteristic 


equation 


(2. 


•4) 


(2.5) 










A 2 -(A 1 +A 4 )X + A 5 = 













195 



PREDATOR-PREY MODEL WITH DELAY 3 

Lemma 2.1. Suppose the following conditions hold; 

i)ad + 1 > d 

ii)S(2 + ad) < (1 + 5/3)(l + ad) 

then the positive equilibrium Eq of the system (1.1) is locally asymptotically stable 
in the absence of r. 

Proof. In the absence of r, the corresponding characteristic equation takes the form, 

A 2 - (tr A)X + dctA = 

where trA = (A\ + A4), i.e., 

trA = - 1 [6(2 + ad) - (1 + ad) 2 (l + [3d)) 

(I + ab) 1 

and 

detA = (1 + adf{l + 6d) - 6(2 + ad). 

Then it can be seen that under the conditions i) and ii), we obtain trA < and 
detA > 0. Hence the equilibrium point Eq of the system (1.1), with r — 0, is locally 
asymptotically stable. | 

Now we shall consider the distribution of the roots of the transcendental equation 
(2.4) since the stability of the point (0, 0) of linear system (2.2) depends on the 
roots of the characteristic equation (2.4). By the continuous dependence of roots of 
A 2 - Ax\ - A 4 Xe~ Xr + A 5 e~ Xr = and the stability result for r = 0, 3r > such 
that ReX(r) < for re [0,To). Since a loss of asymptotic stability of (Nq,Pq) will 
arise when Re\(r) = 0, we shall examine whether there exists a r* > for which 
ReX(r*) = 0. i.e., we would like to know when equation (2.4) has purely imaginary 
roots. In this section we first obtain the local stability conditions of the equilibrium 
point. 

Now suppose for t = t* and let A = iw be a root of (2.4) with w real and without 
loss of generality w > 0. Then w satisfies 

(iw) 2 - A x iw - A 4 iwe- lWT + A b e- lWT = 

Separating real and imaginary parts, we obtain 

A^ cos(wt) — A4W sin(wr) = w 
(2.6) 

A^ siii(wt) + A4W cos(wt) = — A\w 

that is equivalent to 

w 4 + (A\ - Al)w 2 -Al=Q 
Let w 2 — z, p = A 2 — A 2 and q = —A 2 . Since lim g(z) = 00 and q < 0, we 

z— >oo 

conclude the following result 

(2.7) g(z) = z 2 +pz + q = 

Lemma 2.2. Since q < 0, the polynomial equation (2.7) has at least one positive 
root. 
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3. Existence of Hopf Bifurcation 



By Lemma 2.2 and without loss of generality, we denote the positive root by z 
and w = y/z. Solving the equations (2.6) for r, we obtain 

A 5 w 2 - A x A A w 2 



cos(wr) 



x 5 ~ ^4 

sin(wr) 



A 2 + A\w 2 ' 
A 4 w 3 - A 1 A 5 w 



and 



A\ + A\w 2 



A A w 2 + AiA& , 
tan(wr) = (- — , — , 



which leads to 

f*1\ 1 f *■ fAiUjl+A^ 

(3.1) Tfe = — {arctanf — — — )+2k-K\ 

w AiA^w — A 5 w 

for k=0,l,2,3,... 

Let A(r) = a(T)+iw(r) denote the root of (2.4) near r = T k satisfying a(T k ) = 
and w(rfe) = w\, k = 0, 1, 2.... Then we have the following result. 

Lemma 3.1. Suppose g (z\) 7^ 0, then the following transversality condition is 
satisfied; 

d(Re\(r k )) 

— > 0, k = 0,1,2,3,... 

d\ 

, dReX(r k ) 

and g (zi) and have the same sign. 

dr 

Proof. Suppose that for t = r k , let A = iw be a root of (2.4) with w real and 
without loss of generality w > 0. Differentiating the characteristic equation (2.4) 
with respect to r, we get 



that is 



„,CL\ , dX , At dX , .... , . „ At dX 

2X—-A 1 —-[e- -— r-A A4A-A5 -e- A 4 — = 0, 
ar ar ar ar 

dA ! _ Ax -2A r A 4 



^r y A(A 4 A-A 5 )e- AT A A(A 4 A-^ 5 )' 

Then for A = iw. 



dX ! A 1 -2iw t A 

Rc (-7-) U=iu> = Rc[t 



dr " iw(AiOT — A 5 )e~ sA ™ iw iw(yl4iu; — A 5 ) 

(Ai — 2iw)(cos(u>r) + sin(wr)) + A4 



Rc[ . , ■ , 

iwtyA^iw — A 5 ) 

(OA.tn 2 - 

Re[ 



(2A 5 w 2 - Ai A 4 w 2 ) cos(wt) - {AiA b w + 2AiW 3 ) sin(wr) - A\x 



A\w 4 + A\w 2 
and using the expressions for cos(wr) and sin(wr) above, we get 

Rc(^ A )- 1 | A=ra = A 2 w 2 (w i + (A 2 1 -A 2 ^ 2 -Al)+A 2 w 6 + (2A 2 +A 2 1 A 2 4 )w i +A 2 1 A 2 5 w 2 
dT 
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Re A- 1 = A 2 w e + (2A 2 + A 2 A 2 )w 4 + A\A\w 2 

(XT 



*5 W ! 



Re — - 1 \\=i W > 0. 
dr 



Thus, lemma follows. 



Summarizing the above results, we have the following theorem on stability and 
Hopf bifurcation of the system (2.2). 

Theorem 3.2. For the system (2,2), the following results hold, 

i) If re[0,To), then the equilibrium point (0,0) of the system (2.2) is asymptoti- 
cally stable, 

ii) If g'(zi) 7^ 0, then the system (2.2) undergoes Hopf bifurcation at the equilib- 
rium point (0, 0) when t = Tk, {k = 0, 1, 2...). 

4. Direction and the stability of Hopf Bifurcation 

In this section we shall determine the direction of Hopf bifurcation and the 
stability of the bifurcating periodic solutions by applying the normal form theory 
and the center manifold theorem by Hassard et al. [9]. 

Throughout this section, we assume that the system (1.1) undergoes Hopf bifur- 
cations at the positive equilibrium {Nq ,Pq) at r = t^ and iw\ is the corresponding 
purely imaginary root of the characteristic equation at the positive equilibrium 
{Nq, Pq). For the sake of simplicity, we use the notation iw for iw\. 

We first consider the system (1.1) by the transformation 



x 1 = N-N*, x 2 =P-P*, t=-, t 

T 



Tk +M 



which is equivalent to the following Functional Differential Equation(FDE) sys- 
tem in C = C([-l, 0], R 2 ) 

(4.1) x{t) = L fl {x t ) + f{fi,x t ) 

where x{t) = {xi{t), x 2 (t)) T ei? 2 , and L^ : C — >• R 2 , f : R X C ->i? 2 are given 



respectively, by 



Ln{x t ) = (Tk+t 1 ) 



+ {Tk + H) 



A x " 

A 3 

" A 2 

A A 



MO) 

02 (0) 

01(-1) 



and 



where 



/(/», 4>) = ( T fc + m) 



/h 

/l2 
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f - a*(m ^(-1)01 (Q) , P*4>i(o) + N*M-VMQ) 

aP^ 2 (-l)^(0) + Q JV*^(-l) 

(N*+aP*) 2 
P*N*(j)l(0) + 2aP*N*<j) 2 {-l)(j) 1 {Q) + a 2 P* N* (g{-l) 
(N* + aP*) 3 

(34(-l) , 2£P*0 2 (-1)0 1 (O) /3 (P*) 2 0?(O) 



h 



N* 



where 



(N*) 2 (N*) 2 

By Riesz representation theorem, there exists a function rj(9, fi) of bounded vari- 
ation for 6e[— 1,0], such that 



L„ 



drj(0,0)<j)(9) for (j>eC. 



Indeed we may take 



■n($,fi) = (r k + n) 



+ (jk +M) 





Ax " 


A 3 


^ 


[ A 2 


) 


A 4 



5(0) 



5(0 + 1) 



where 5 is the Dirac delta function. For 0eC 1 ([— 1,0], R 2 ), define 

m, ee[-i,o) 



and 



iW iiv*,#), o=o. 



O,0e[-l,O) 

f(n,4>) t e = o. 



R(U,)<J> -- 
Then the system (4.1) is equivalent to 

x'(t) = A(n)x t + R(p)x t 
where x t {6) =x(t + 6) for 0e [-1,0) .For ^eC^-l.O], (M 2 )*), define 



A*ip(s) = 
and a bilinear inner product 



dip(s) 
ds 



se(0, 1] 



J^d V T (t,0)^(-t), s = 0. 



(4.2) (V(s), #0)) = ^(0)^(0) - / / ^(£ - 6)d7 1 {0)m^ 

J-i jj=o 

where 77(0) = r/(8,0). Then A(0) and A* are adjoint operators. Suppose that 
q(9) and g*(s) are eigenvectors of A and A* corresponding to iwr^ and —iwr^, 
respectively. Then suppose that q(6) = (l,a) T e lulTke is the eigenvector of A(0) 
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corresponding to iwr^, then A(0)q(9) = iwTkq(O). It follows from the definition of 
A(0), L^(f> and rj(9,n) that 



Tfc 



A x + iw A 3 

A 2 e lWTh A 4 e iwTk + iw 



1(0) 



Then we can easily get 

q(6) = (l,a) T e iwT « 
and similarly by definition of A* , 



Tk 



A\ — iw A 2 e 



A, A 



4 e 



q (oy 



q*(0) 



and 



q*{6) = D(a*, l) T e lWTk6 . = q*{Q)e lWTk9 . 

To satisfy that {q* (s),q(9)) = 1, we evaluate the value of D. By the definition of 
the bilinear inner product 



(q*{6),q(6)) = D(a* , l)(l,o) T - / / D(a* , l)e lWTk ^- e Uri{9){\, a) T e lWT ^d£, 

-15=0 

= D } a + a* - J (a*, l)e iwTk6 0dri{d){l, af 

= D{a + a* +T k e- tWTk {A A a* + A 3 )} 
Thus we can choose D as 



D 



1 



a + a* + r k e- iwTk (A 4 a* + A 3 ) 



such that (q*(s),q{9)) = 1 and (q*(s),q{9)) = 

In the following part, we use the theory by Hassard et al. [9] to compute the 
coordinates describing center manifold Co at \x = 0. 
Define 



(4.3) z(t) = (q* ,x t ) , W{t, 9)=x t -2Rc z(t)q(9) 

On the center manifold Cq , we have 



2 —2 

W(t,9) = W{z(t),z(t),9) = W 2n {9) 7 - + W 11 (9)zz + W 02 (9)^ + ... 

where z and z are local coordinates for centermanifold Cq in the direction of q 
and q* . Note that W is real if x t is real. We consider only real solutions. For the 
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solution xteCo, since /z = and (4.1), we have 

z' = iwT k z+(q*(9),f(0,W(z,z,8) + 2Rczq(9))) 

= iwT k z + q* (0)/(0, W(z, z, 0) + 2 Re zq(0)) 



= iwT k z + q*(0)f {z,z) 



iwTkZ + g(z, z) 



where 

z 2 
(4.4) g(z,z) = q*(6)f (z,z) = 52oy + 9uzz + # 2y +521^ + •-• 



By using (4.3), we have cc t (£it(0), £24 (#)) = W(t, 9) + zq(9) + zq{9) and q{9) 
{l,a) T e iwT " e , and then 



x lt (0) = z + z + w£\0)^+w£\0)zz + w£ ) (0)^ + O(\z 7 z\ 3 ), 

2 —2 

x 2t (0) = za + za + w!£(Q) Z - + w£\o)zz + W$(0) Z - + 0(\z 1 z\ 3 ) 1 

x lt (-l) = ze-^ e + ze^ e + w£\-l)^ + w£\-l)zz + w£ ] > (-1) Z 1 + 0(\z,z\ 3 ), 

x 2t (-l) = z ae -^ 9 +^e^ 9 + ^ 2) (-l)y + ^ 1 (-l)zz + ^ ( 2 2) (-l)y + O(|z,^| 3 ), 
From the definition of /(/x, x t ),~we have 

■In 



g(z, z) = g*(0)/ o (z, 2) = Dr k (a*, 1) 
where 






2 



,0 Ji (m X2t(-l)x lt (0) , P*x{ t (0) + N*x 2t (-l)x lt (0) 

hi - x lt (U) N * +aP * + ( N *+aP*y 

aP*X2t{-i)xit(0) + aN*xl t (-l) 
+ (N* +aP*) 2 

P*N*xj t (0) + 2aP*N*x 2t (-l)x lt (0) + a 2 P*N*xl t (-l) 
(TV* + <xP*) 3 ' 



and 



Px 2 t (-l) 2/3P*x 2t (-l)x lt (0) _ (3(P*) 2 x 2 t (0) 

J12 - N , "I" ^ 2 ^y • 
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Thus 

g(z,z) = DT k [a*(-xl t (0)- 



2 / n N x 2t (-l)x u (0) 



(N* +aP*) 
P*x 2 t (0)+N*x 2t (-l)x lt (0) 

(N*+aP*) 2 
aP*x 2t (-l)x lt (0) + aN*x 2 t {-l) 

(N* + aP*) 2 
P*N*x 2 t (0) + 2aP*JV*a; 2t (-l)a; lt (0) 

(N*+aP*) 3 
a 2 P*N*x 2 2t (-l) I3x 2 2t (-l) 2/3P*N*x 2t (~l)x lt (0) 
(N*+aP*) 3 N* {N*) 2 



(N*y< 



0{\{z,z)\- 



By comparing the coefficients with (4.4), we get 
.920 = 2Dr k [-a*e- 2lw ^ e 



a*ae~ iWTk$ 



(N* +aP*) 
a*P*e- 2iwr " e + a*aN*e' iwTk6 

(N* +aP*) 2 
a*a 2 P*e- lWTk0 + a*a 2 N* a* N*P* e - 2lWTkf > 

(N* +aP*) 2 (N* + aP*) 3 

2a* a 2 N*P*e- lWTkd a* a 2 N*P* 

(N* +aP*) 3 
/3a 2 2f3aP*e- lWTk6 - 2f3(P*) 2 e~ 2iwTk(> 
~~N^ + (TV*) 2 J 



gn = Drk[—a*2aa — 



a*ae iwTk9 + a*ae- iwTkd 



(N* +aP*) 
2a* P* + a*aN*e iwTk ° + a*aN*e~ iWTk6 

(N* + aP*) 2 
a*a 2 P*e rwTk6 + a*aaP* e - tWTkB + 2a*a 2 aN* 

(N* +aP*) 2 
2a*N*P* + 2a*a 2 N*P*e lWT " e 

(N* +aP*) 3 
2a*aaN*P*e-' LWTkB + 2a*a 2 aN*P* 

(N* +aP*) 3 
2Paa 2f3aP*e iwTk9 + 2f3aP*e- lWTk0 - 2/3(P*) 2 
N* + (iV*) 2 J 
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, go2 - 2Dr k [-a*e 2 ^ - <* ae 



(TV* +aP*) 
a*P*e 2iwTk0 + a*aN*e lWT " e + a*aaP*e lWTk0 + a*aa 2 N* 

(TV* + aP*) 2 
a*N*P*e 2iwT « e + 2a*aaN*P*e lWT « + a*a 2 a 2 N*P* 

(TV*+aP*) 3 
/3a 2 2j3aP*e tWTk0 - j3{P*) 2 e 2lWTk0 
~1<F + (N*) 2 J 



g 21 = 2DT k [-a*(w£\-l)e lWT « + 2w£ ) (~l)e-™ T * ) 

a*(w£\0)e-^ k e + W £\-l)a + ggjggg + g!gg) 

(TV*+aP*) 

a*P*{W$(-l)e iWTk$ + 2W[1\-I)e- IWT " ) + 
+ (TV* +aP*) 2 

a*N*{w[ 2 \Q)e-™^ 6 + W$(-l) a + ff ' ( ' )( f"' + <^ ; 



(TV* +aFf 

2 +2 



(TV*+aP*) 2 

a*aiV*(lV 2 ( 2) (0)a + 2W 1 ( 1 2) (0)tt) 
(TV* +aFf 

s */V'*P*(W 2 ( o ) (-l)e™ rfce + 2W 1 ( 1 1) (-l)e-™ T * ) 

(TV* +aP) 3 

2a* a TV*P*(^i ( ? ) (0)e- i '" T * 9 + wff (-!)<* + ggggg + ^%Dg) 

(TV*+aP*) 3 

a*a 2 TV* P* (W$ (0)a + 2^' (0)a) ^(W^ (0)a + 2W 1 ( f (0)a) 



(TV*+aP*) 3 TV* 

2/3aP*(^ ) (0) e -— ^ + ^ 1 ( 1 1) (-l)a+ ^ 2)( t' roTfc " + < 1} (- 1)5 ; 

(TV*) 2 

/3(P*) 2 (VK 2 ( o ) (-l)e™ T '= e + 2VF 1 ( 1 1) (-l)e-™ Tfce ) 
(TV^ ^ 



To determine <? 2 i: we need to compute W 2 o(0) and W\\(6). By (4.1) and (4.4), 
we have 
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(4.5) W = x' t -z'q-z'q 



AW-2Re(q*(0)foq(0)), 6e[-l,0) 

AW-2R C (q*(0)f q(9)) + f , 6 = 

d = AW + H(z,z,0). 



where 



(4.6) H(z,z,0) = H 2O (0)—+H 11 (0)zz + H O2 (6)— + 

Note that on the center manifold Cq near to the origin, 



(4.7) W = W z z + W g z. 
Thus we obtain, 

(4.8) (A - 2iwT k )W 20 (9) = -H 2O (0), AWu(0) = -H X1 {0). 
By using (4.3), for 0e[-l,O), 

(4.9) H(z.z,0) = q*(O)f o q(0)-q*(O)MQ)q(6) = - gq{0) - gq(0) ■ 

Comparing the coefficients with (4.6), we obtain the following 

(4.10) H 20 (6) = -g 2O q(0) - g O2 q{0), H X1 {0) = - gil q(0) - g u q(0)- 
From (4.8) and (4.10) and the definition of A, we get 

W 20 (9) = 2iwT k W 20 (9) - g 2O q(0) - g m q(9)- 

Noticing q{9) = q(0)e iwT " e , we have 

(4.11) W 20 {9) = l -i-lq(0)e iwTk6 + ^--q{Q) e ' lWT " B + E x e Wk \ 

T k W 6T k W 

where E\ = [E x ,E\ ')eR 2 is a constant vector. Similarly, we have 

(4.12) W u (0) = - l -^q{Oy wT « + ^q(0)e- lWT * e + E 2 , 

T k W T k W 

where E 2 = (E^ , E^ )eR 2 is a constant vector. Now we will try to find Ei and 
E 2 . From the definition of A and (4.8), we obtain 
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(4.13) 



d v (9)W 2Q (6) = 2iwT k W 20 (0) - H m (0), 



and 



(4.14) 



dv(0)W n (9) = -Hu(0), 



where drj(8) = r)(9,0). 

By (4.8) and (4.9), we have 



^20(0) 



-ff20?(0) - .9o2<?(°) 



(4.15) 



and 



-2r fc 



^2iwr k 9 ae 



(N*+aP*) 
p* e -2i™T k e +aN , e -iu 1 T k b +a 2 p , e -iu 1 T k e +a 2 N , 

(iV*+aP*) 2 
N , p * e -2iu,T k e +2a 2 N * p , e -i W T k e a 2 N * p , 

(N'+aP') 3 



(JV* 



Hu{0) = -ffng(O) - 5nff(0) 

-2Rea- ^ 



(4.16) 



-2r fc 



T k e +u*ae 



(N*+aP*) 
2P*+aAf*e i ™ T '= 8 +5iVe~ i ™ T fc £ ' , a 2 P*e ; 



aar e 



(7V*+qP*) 2 
r fc"+2RcaJV* 



(JV*+aP*) 2 

2N*P*+2a 2 N*P*e iwT 

(Af*+aP*) 2 (W+aP*) 3 

2ReJV*P*e~ it " T fc a +2RcJV P* 

(N*+aP') 3 

2j3aa , 2/3aP , 'e it " T fc a +2)35P*e~"" T fc''-2ff (P*) 2 
AT* + (TV*) 2 



Substituting (4.13) and (4.15) and noticing that 



i) 



iwr k I - / e lWTkt> dr](e) | q(0) = 

o 
-iwT k I- f e- iwrk6 dr)(d)} (/(()) = 
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wc obtain 



2iwr k I~ J e 2lWTke dr](9) j E, = 2r, { 



^2iwTkQ ae 



(N*+aP*) 
P' e -2i">-r k e +aN * e -iv,T k e 

"t" (N'+aP*) 2 

a 2p* e -J"<T k 9 +a 2 N , 

(N*+aP*) 2 
N ' P * e -2i*>T k e +2a 2 N , p . e -iwT k e a 2 N * p . 

(N*+aP*) 3 



2/3ctP* e~ iwT i° e -2/3(P* ) 
(A*) 2 



2„-2iwT k d 



which is 



2iw — A\ —A 2 e 



A, 



-A 



4 e 



+ 2iw 



E x = 2 



a 2iwr k 6 _ ae imT fc" 
(N*+aP') 



+- 

N'P*e~ 2 


(N»+aP*) 2 
a 2 P*e- i ™ T k e +a 2 N* 

(N*+aP*) 2 
mT k e +2a 2 N*P* e - iv 


"K e u 2 N' 


P" 




IfiaP' 


(N*+aP*) 3 
e -»™^fc»_2/3(P*) 2 e- 


2i 


WT k 9 





(JV ,)2 



Now if we solve this system for E x ,we get 



where 



E 



(i) 



Bi 



^ 2) = 



2/3 


^11 + ^12 


-^ 2 e- it0Tfc 
2imx t e 

A „-lWT k , Q„-„„ 


2 

r7 


(JV*)2 

2uu - Ax 

a liiaP'e 


^11 +-^12 

- Ira x fc e_ 2/3 (p»- ) 2 e -2»™x A: 8 


) 




jl 3 


(A r«)2 





ui(l) _ 2iwT k t 



D -iwT k 6 p* e -2iwr k 6 I a J\r* e - iwT kt 



(N* +aP*) 



(N* +aP*f 



(i) _ a 2 P*e- lWT " e + a 2 N* N* p* e -^^ k 6 + 2a 2 N* P* e - lWTk9 a 2 N* P* 
E \2 = 



(N* + aP*) 2 



(N* +aP*) 3 



B, 



2iw - A x -A 2 e-' lWTk 



A, 



-A 



4 e 



2iw 



Similarly, substituting (4.12), (4.14) and (4.16), we obtain 



■M A 2 
-A s -Ai 



E? = 



-2 Re a 



ae ™T k e + - e -,wT k e 2P'+a)V'e"" T t i '+aJV*e""' 

(A*+aP*) ' ~~~ "' (A*+aP*) 2 

i o?P*e iwT k e , tt a 2 P'e~ i " r t 9 +2 Re aN* 
"""(A'+aP*) 2 + ~ (A*+aP*) 2 

2Ar*P'+2a 2 jVP''e i " r fc e _ 2 Re N* P* e - i ™ T k l > +2 Re A*P* 
(A*+aP*) 3 (A*+aP*) 3 

2/3aa , 2 / 3aP*e'"' T fc''-|-2/3aP*e-'" ,T fc £) -2/3(P*) 2 
A« "I" (A*) 2 



which implies that 
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(1) 



E. 



where 



(2) 





C. QELIK 


2 


e[? + e$ a 2 

2/3aa , 2/3aP*e , ™ T '= £ '+2/3SP*e-"" T '=''-2 / 9(P*) 2 A 




N* 1 (JV*) 2 " l4 


2 


.< 2/3q« , 2 / 3aP*e l ™ T »= < '+2/3aP*e- , ™ T fc ( '-2/3(P*) 2 




yl 3 w * ( (N*) 2 



^f?"! „ cue 

Elf = -2 Re a - 



™r fe e + ^ e -™r fc e 2 P* + aN*e lWTk6 + aN* e - lWTk6 



(N* +aP*) 



(TV* +aP*Y 



E 



(2) 
12 



a 2p* e zwr k e aa 2 P*e- lWTk0 + 2ReaN* 2N*P* + 2a 2 N*P*e lWT * e 



(N* +aP*) 2 



(N* +aP*y 



(N* +aP*Y 



B 2 = 



■A 1 A 2 
-A 3 -A* 



Thus we can compute W 2 o(9) and W\\{9) from (4.11) and (4.12) and determine 
the following values to investigate the qualities of bifurcating periodic solution in 
the center manifold at the critical value T k . For this purpose, we express g'^s in 
terms of the parameters and delay. And then we can evaluate the following values; 



Cl (0) 



2ujT k 



(92o9u -2|# n | 2 



1 502 I 



521 

2 ' 



fJ-2 



Re{ Cl (0)} 
Re{\'(r k )}' 



T 9 



/3 2 = 2i?e{ Cl (0)}, 



7m{ci(0)} + n 2 Im{\ (r k )} 

U)T k 



Theorem 4.1. fi 2 determines the direction of Hopf bifurcation; if fi 2 > Oj then 
the Hopf bifurcation is supercritical and the bifurcating periodic solutions exist for 
t > To, if /i 2 < 0, then the Hopf bifurcation is subcritical and the bifurcating periodic 
solutions exist for t < Tq. j3 2 determines the stability of the bifurcating periodic 
solutions; bifurcating periodic solutions are stable if j3 2 < 0, unstable if f3 2 > 0. 
T 2 determines the period of the bifurcating solution; the period increases ifT 2 > 0, 
decreases if T 2 < 0. 



In the following section, we shall give a numerical example to verify the theoret- 
ical results. 
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5. A NUMERICAL EXAMPLE. 

In this section, we present some numerical simulations to verify the results in 
Lemma 2.1, Lemma 2.2, Theorem 3.1 and Theorem 4.1 by using MATLAB(7.6.0) 
programming. We simulate the predator-prey system (1.1) by choosing the param- 
eters, a — 0.7, f3 = 0.9 and 8 = 0.6, i.e., we consider the following system, 



dN(t) /w , NN N(t)P(t- 

- N(t)(l-N(t)) 



(5.1) 



dt wv v " N(t) + 0.7P(t- 



dP(t) , w P(i-r), 

- 0.9P(i-r)(0.6 



dt v 7V(£) ' 

which has only one positive equilibrium Eq = (Aq,Pq) = (0.5775,0.3465). By 
algorithms in the previous sections, we obtain To = 2.6124, w — 0.4670. So by 
Theorem 3.1, the equilibrium point E* is asymptotically stable when re[0,To) = 
[0,2.6124) and unstable when r > 2.6124 and also Hopf bifurcation occurs at r = 
To = 2.6124 as it is illustrated by computer simulations. 

By the theory of Hassard et al. [9], as it is discussed in previous section, we also 
determine the direction of Hopf bifurcation and the other properties of bifurcating 
periodic solutions. From the formulaes in section 3 we evaluate the values of /z 2 , 
/3 2 and T 2 as 

/i 2 = -1.4654 < 0, /3 2 = 1.5368 > and T 2 = 1.9723 > 
from which we conclude that Hopf bifurcation of system (5.1) occurring at To = 
2.6124 is subcritical, the bifurcating periodic solution exists when r crosses To 
to the left, and also the bifurcating periodic solution is unstable and the period 
increases. 

In computer simulations, the initial conditions are taken as (No, Po) = (0.01, 0.01) 
and MATLAB DDE (Delay Differential Equations) solver is used to simulate the 
system (5.1). We first take t = 1.8 < t and plot the density functions N(t) and 
P(t) in Fig-1,2 respectively which shows the positive equilibrium is asymptotically 
stable for t < To.. 

However in Fig-3,4 below, we take t = 2.3 sufficiently close to To which illustrates 
the existence of bifurcating periodic solutions from the equilibrium point Eq . 
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Figure 1. The trajectory of prey density versus time with the 
initial conditions iVo = 0.01, Pa = 0.01. When r = 1.8 < tq where 
the equilibrium point E* is asymptotically stable. 
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Figure 2. The trajectory of predator density versus time with the 
initial conditions Nq = 0.01, Pa = 0.01. When r = 1.8 < To where 
the equilibrium point E* is asymptotically stable. 
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Figure 5. The trajectory of predator density versus time with the 
initial conditions No = 0.01, Po = 0.01. When r = 2.3, the system 
shows periodic structure. 
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Figure 6. The phase portrait of Predator density versus Prey 
density for the same parameters as in Fig-1. When r = 2.3, the 
system shows the bifurcating periodic solutions from E* . 
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A DETERMINISTIC INVENTORY MODEL OF 

DETERIORATING ITEMS WITH STOCK AND TIME 

DEPENDENT DEMAND RATE 

B. MUKHERJEE AND K. PRASAD 



Abstract. In formulating inventory models, two fact of problem have been 
of growing interest, one being the deterioration of items, the other being the 
variation in demand rate. Time-varying demand patterns are usually used to 
reflect sales in deferent phases of the product life cycle in the market. The 
effect of deterioration of physical goods cannot be disregarded in many in- 
ventory systems. A deterministic inventory model for deteriorating item with 
inversely time dependent of two parameter weibull distribution to represent 
the deterioration rate has been studied in this paper. Time dependent and 
stock dependent demand rate separately has been studied by numerous au- 
thors while in this paper considering simultaneously both stock dependent 
and time dependent demand rate has been studied. The present-model has 
been solved analytically to minimize the cost. A numerical example has been 
carried out to illustrate the solution procedure. 



1. Introduction 

In the classical inventory model life time of an item is infinite while it is in 
storage. But effect of deterioration plays a vital role in the storage of some goods 
like vegetable, fruits, medicine etc. In such cases a certain part of these goods 
are either damaged or decayed and are not in a condition to satisfy the future 
demand of customer as a fresh unit. Mathematical model of inventory system has 
been developed by many of the researcher but most of them have consider the 
demand rate is constant also we know that now a day market is full of competitive 
environment as a result it is fluctuating day by day so in such a environment there 
arc nothing fixed or constat. The inventory problem of deteriorating item was 
first researched by Within [17] who studies the problem of fashion goods at the 
end of inventory cycle. Sing et al. [16] they used constant rate of deterioration 
and linear rate of demand depending upon the current stock level. Ghare and 
Schrader [7] developed an inventory model with a constant rate of deterioration. An 
order level inventory model for items deteriorating at a constant rate was discussed 
by Shah and Jaiswal [15]. Aggarwal [1] reconsidered this model by rectifying the 
error in the work of Shah and Jaiswal [15] in calculating the average inventory 
holding cost. In all these models, the demand rate and the deterioration rate were 
constant, the replenishment rate was infinite and no shortage in inventory was 
allowed. 



Key words and phrases. Inventory, Deterioration, Weibull distribution , Demand. 
2010 AMS Math. Subject Classification. Primary 90B05; Secondary 65K10. 
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Researchers started to develop inventory systems allowing time variability in 
one or more than one parameters. Dave and Patel [5] discussed an inventory 
model for replenishment. This was followed by another model by Dave [4] with vari- 
able instantaneous demand, discrete opportunities for replenishment and shortages. 
Bahari-Kashani [2] discussed a heuristic model with time-proportional demand. An 
Economic Order Quantity (EOQ) model for deteriorating items with shortage and 
linear trend in demand was studied by Goswami and Chaudhuri [8]. On all these 
inventory systems, the deterioration rate is a constant. Another class of inventory 
models has been developed with time-dependent deterioration rate. 

Covert and Philip [3] used a two-parameter Weibull distribution to represent 
the distribution of the time to deterioration. This model was further developed by 
Philip [12] taking three-parameter Weibull distribution for the time to deteriora- 
tion. Mishra [10] analyzed an inventory model with a variable rate of deterioration, 
finite rate of replenishment and no shortage, but only a special case of the model 
was solved under very restrictive assumptions. Deb and Chaudhuri [6]studied a 
model with a finite rate of production and a time-proportional deterioration rate, 
allowing backlogging. Goswami and Chaudhuri [8] assumed that the demand rate, 
production rate and deterioration rate were all time dependent. Detailed informa- 
tion regarding inventory modeling for deteriorating items was given in the review 
articles of Nahmias [11] and Rafaat [13]. An order-level inventory model for dete- 
riorating items without shortage has been developed by Jalan and Chaudhuri [9]. 

Here we have consider that demand is depending on time as well as current 
stock level of the system and the deterioration rate is considered as a two parame- 
ter weibull distribution which is function of time. 



2. Notation and Assumptions 

To develop an inventory model of deteriorating item the following notations and 
assumptions are used throughout the paper. 



2.1. Notations. : 

Ch holding cost per unit per unit time. 

C s shortage cost per unit per unit time. 

Cd cost of a deteriorated unit. 

C average cost of the system. 

q(t) inventory level at time t. 

6(t) the deterioration rate. 

T duration of per cycle. 

D(q) demand function. 

A replenishment cost. 

2.2. Assumptions. : 

(i) Shortages are allowed and backlogged. 

(ii) T is the fixed duration of a cycle. 

(in) Lead time is zero and Replenishment is instantaneous. 
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(iv) The items considered in this model are deteriorating items with variable rate 
of deterioration 0(t). 

(v) The deteriorating rate is defined as two parameter weibull distribution 

9{t) = a j3 fr 8-1 , Where 0<a<l,0</3<l mid (3 = i,where n is the natural 
number. 

(in) Demand rate is defined as the function of q(t) as D{q(i)) = a + bt@~ 1 q(t). 



3. Mathematical model and its analysis 

On the basis of above mentioned assumptions, at the beginning that is at time 
t = ,S units are hold for each cycle of the considered inventory system and the 
items are depleted gradually in the interval [0,ti] due to the combined effects of 
demand and deterioration. 

At time t = 1 1, the inventory level reaches zero and then inventory level depleted 
up to —S± due to demand only in the interval [ii,T] and the whole process is re- 
peated. 



Proposed model: 



INVENTORY 



s 

V 


. 






J fi\ 


i _ * 

TIME 
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The variation of inventory level q{t) with respect to time can be described by 
the following differential equation as follow: 



(3.1) 
(3.2) 



dq 
dt 



= -Oq(t) - D(q(t)), 0<t<h. 



dq 
dt 



-D(q(t)), h<t<T. 



With the boundary conditions as 



(3.3) 



g(0) = S, q(ti) = 0, q(T) = -Si 



The solutions of above equations are given by 



«-> *> -s?(i^ '"'-*' 



'j-(^)..., 



o < t < h 



(3.5) 



a /-1\ " 



*<*> = §(* 



-ki p 



'*-('*)*=* 



ti<t<T 



where k\ 



a/3+b 



k = I and 



(3.6) 



Ii 

» 



e z z& dz, where z = —k\t p 



-(-kjt^i-'e*''" - (4 - l) (-ht>)i- 2 e h >" 



r 1 G" !l ■■"'"■ 



Total number of deteriorating items in (0,ti) 



(3.7) 



Dy = 5— Total demand in time (0,ti) 

rti 

= S- [a + bt fl - 1 q(t)}dt. 
Jo 



217 



A DETERMINISTIC INVENTORY MODEL OF DETERIORATING ITEMS WITH STOCK.. 5 



Case Study: 

If /3 = \ the equation (3.7) in this case reduces to 



D T 



(3.8) 



^[1 - e fcl ^(l - hVh)} - ah + ^(Mi - 2Vh) 
4ab - ■ r^.u.^; 



+ —(l-k.VhKe^-l) 



Hence total Inventory during the time (0,ti) 
i-ti 



Hn 



q{i)dt 



(3.9) 



41 a /-1\H 



o kiP V fc 



-M" 



7i - 

/3 



3yt=ti 



«Y 



which for present case reduces to 



(3.10) H 7 



4a,| 2aii 4a 



i a ^ati 4a/, . — j. /?- t /*- ,o 

-*i +^ + 74 ( kiVtie 1 * 1 ^ - e kl ^ - kfh + 1 

1 Kf Kj 1 V 



Similarly the total shortage during the time (t\ , T) 
B T = - / g(t)di 



(3.11) 



T « fr 1 ^ ^-z- 



tl fc/3 v fc 



ji - 

.« 



p / t=ti 



<u 



also for this case the equation (3.11) reduces to 



Bt = ^(Tl-t!)-^(T- tl ) + ^[4b 2 V^fe 2b ^-^-4b\ 



(3.12) + 2bVT ie 2b( ^-^ - 2b^Te 2b( -^-^ - e 2b( ^-^ + 1 
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Therefore average cost of the system 



(3-13) C (h,T) = ^+C d ^+C h I ^ + C 8 ^. 



Differentiating cost function with respect to t\ and T using equations (3.8), (3.10) 
and (3.12), we have 



(3.14) 



dC _ C d dD T C h dH T C s dB T 



,, in dC _ A D T H T C s dB T C s 



The optimal value of t\ and T as t*, T* can be obtained by satisfying the nec- 
essary condition for minimization of the cost 



dC dC 



provided they satisfy the sufficient conditions 



d 2 C 
(3.16) w >0 



(•»-iv) (-^M^vj -(t-^) >o. 



d 2 c\ /(Pc\ _ ( d 2 c 



dt\ J \0T 2 ) \dhdT 



If the solution for t\ and T do not satisfy the sufficient conditions (3.16) and 
(3.17) then no feasible solution will be optimal for the set of parameter value which 
has been used to solve the above equations. Such a situation will imply that the 
parameter values are inconsistent and there is some error in their estimation. A 
new parameter's value is required to analyse the situation further. 
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Numerical Example: 

Numerical values of t* , T* , C* have been calculated with the help of C program for 
solution of system of non-linear equation using Newton Rapshon method by consid- 
ering the parameters as A = 8, Cd = 1, Ch = 2, C s = 5, a = 100, b = 0.30 



0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 



t* 

2.264520 
1.751950 
1.504149 
1.362177 
1.266038 
1.192582 
1.131593 
1.078012 
1.029138 



3.240990 
2.717921 
2.553645 
2.515763 
2.522837 
2.547586 
2.579973 
2.615901 
2.653523 



C* 

448.589996 
440.370331 
472.665436 
513.252136 
552.972595 
590.161011 
624.946655 
657.758423 
688.969910 



It is observed that these result satisfy the sufficient conditions (3.16) and (3.17) 
for minimizing the cost of the system. 



Conclusion: 

Numerical calculation shows that as the value of the parameter alpha increases 
then optimal value t\ is decreases continuously but the optimal value of T is de- 
creases firstly up to a = 0.50 and after then it starts to increase . The optimal cost 
is also decreases initially up to a — 0.20 but after then it starts to increase. This 
shows that the time of duration of shortage is increases as deterioration is increases. 
From these result we may also conclude that as time passes the deterioration rate 
decreases which leads to reduction to the average cost of the system. 
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Figure 1. Deterioration parameter a verses optimal cost C* of 
the system. 



£ 2 
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Figure 2. Comparative representation of T* and t* with 
deterioration parameter a 
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OPEN PROBLEMS IN SEMI-LINEAR UNIFORM SPACES 



ABDALLA TALLAFHA 



Abstract. Scmi-lincar uniform space is a new space defined by Tallafha, A 
and Khalil, R in [7]. The authors studied some cases of best approximation 
in such spaces, and gave some open problems in uniform spaces. Besides they 
defined a set valued map p on X x X and asked two questions about the 
properties of p. In 2011, Tallafha [8] defined another set valued map 8 on 
X X X, and give more properties of scmi-lincar uniform spaces using the maps 
p, 5 and he answered the questions about p. The purpose of this paper is to 
introduce some open questions concerning this new spaces. 



1. Introduction 

Uniform spaces had been studied extensively through years. We refer the reader 
to [1],[2] , [3], [4] , [5] , [6] , [9] and [10] for the basic structure of uniform spaces. 

Semi-linear uniform space is a new space defined by Tallafha, A and Khalil, R in 
[7], the authors define a set valued map p, called metric type, on semi- linear uniform 
spaces that enables one to study analytical concepts on uniform type spaces. They 
asked two question about the properties of p, besides they studied some cases of 
best approximation in such spaces, and gave some open problems in approximation 
theory in uniform spaces . In [8] , Tallafha, A. defined another set valued map S on 
X x A, and he gave more properties of semi-linear uniform spaces using p and S. 
Besides he solved the two question about the properties of p. 

Let A be a set and Dx be a collection of subsets of X x X, such that each 
element V of Dx contains the diagonal 

A = {(x,x) : x e X} 

and 

V =V- 1 = {(y,x):(x,y)eV} 

for all V G Dx (symmetric), Dx is called the family of all entourages of the 
diagonal. Let T be a sub collection of Dx, then the pair (X, V) is called a uniform 
space if 

(i) Vi and V 2 are in T then Vi D V 2 £ T, 

(ii) for every V E T, there exists U € T such that U o U C V, 

(in) n V = A, 
v e r 

(iv) HV eT andV <ZW eD x , then W £ V. 



Key words and phrases. Best approximation, uniform spaces, semi-linear uniform spaces, fixed 
point. 
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2. Uniform type spaces 



Let (X, r) be a uniform space. By a chain in X x X we mean a totally( or 
linearly) ordered collection of subsets of X x X, where V\ < V2 means 1^ C y 2 - 

Definition 2.1. [7] We call (X, T) a semi-linear uniform space if it is a uniform 
space where T is a chain and condition (vi) is replaced by 

(J V = X x X. 
ver 

An example of a semi-linear uniform space is the following. 

Example 2.2. Let V t — {(x,y) ■ y — t < x < y + t, and —00 < y < 00}. Then 
(R,F), with r = {Vt : < t < 00} is a semi-linear uniform space. 

One can generate semi-linear uniform spaces as follows. Let Dx be a chain in 
the power set of X x X, such that, each element of Dx is symmetric, contains A, 

(J U = X x X 

u e d x 

and 

n *=*■ 

u e d x 
Then one can easily see that (X,Dx) is a semi- linear uniform space. 

We should remark that the topology in metric and normed spaces can be 
generated by semi-linear uniformities. 

Throughout the rest of this paper, (X, T) will be assumed semi-linear uniform 
space. Let (X, T) be a semi-linear uniform space. For x, y € X, let 

C(x,y) = n{VeT:(x,y)eV} 1 

and 

Z = {C(x,y):x,yeX}. 
Clearly C (x,y) = nj^- 1 e F : (x,y) £ V}. 

Definition 2.3. [7] Let (X,T) be a semi-linear uniform space. We define the set 
valued map: p : X x X — ► S, p(x,y) = C (x,y).The map p will be called a set 
metric on (X, V). 

Proposition 2.4. [7] For a semi-linear uniform space, we have the followings: 
(i) p(x, y) — A if and only if x = y, 
(ii) p(x,y) = p(y,x). 

In [7] , the authors gave the following questions. 

• Question 1. [7] Is p(x, y) C p(x, z) n p(z, y)l 

• Question 2. [7] If p(x, z) — p(x,w), for some x £ X, Must w = zl 

The above questions is answered negatively by Tallafha, A. in [8] . Also Tallafha 
showed that the answer of question 1 still negative, if n is replaced by U. 



Definition 2.5. [7] For x £ X and E C X, we define 

p{x,E)-- 

Clearly, if x £ E, then p(x, E) — A. 



p(x,E)= n p(x,y). 

y e e 



224 



OPEN PROBLEMS IN SEMI-LINEAR UNIFORM SPACES 3 

Definition 2.6. [7] For x G X and V G T, we define The open ball of center x 
and radius V to be 

B(x,V) = {y:(x,y)eV}. 
Equivalently 

B(x,V) = {y:p(x,y)CV}. 
Clearly if y G B(x, V), then there is aW eT such that B(y, W) C B(x, V). 

Definition 2.7. B C X is called bounded if B C L?(x, V), /or some V E T,x E X. 

In [8] , the following concepts are defined, and the following results are proved. 

Definition 2.8. Let {X, V) be a semi-linear uniform space, then, the set valued 
map 5 on X x X is defined by 

[(f) ifx = y 

where T, •> is the complement ofTi xy y 

Clearly, if x = y then T, -, is the empty set so we define 5(x, x) to be the empty 
set, and S(x, y) — S(y, x). for all (x, y) G X x X. and A C <5(x, y) for all x ^ y. 

The first natural question that one should ask, is there a semi-linear uniform 
space which is not materialize?. The answer is yes as the following example shows. 

Example 2.9. Let t G (0, oo) jor t ^ 1 and 

14 = {(x, y) : x 2 + y 2 < t} U A, T = {V t : < t < oo}. 
27ien (K, r), is a semi-linear uniform space which is not materialize. 
Proposition 2.10. Let (X, T) be a semi-linear uniform space. Then, 

(») J/^r M ,fa7c p(liy ). 

(m) <5(x, y) C p(x, y) /or a/Z (x, y) G X x X . 

(im) IfV £ T( x ^,then S(x,y) C V". 

(w) If(x,y) G p(s,t) then p(x,y) C p(s,i). 

(w) // (x, y) G <5(s, t) i/ien <5(x, y) C <5(s, t). 

(vi) IfU&T satisfies U ^ p(x,y), then U C <5(x,y). 

(i>ii) If U <eT satisfies 5(x, y) ^ £/, £/ien p(x, y) C C7. 

(i>m) IfUGT satisfies S(x,y) QU Q p(x,y), then U = 5{x,y) or U — p(x,y). 

(ix) If (s, t) <£ 5 (x, y) then 8 (x, y) C S (s, t) . 

(x) If (s, t) <£ p (x, y) then p (x, y) C 5 (s, t) . 

(xi) If 5{x,y) Cj <5(s,i), f/ie i/iere exist U G T, swc/i i/iai 6(x,y) ^(7C <5(s,i). 

(xii) If p{x,y) C p(s,t), the there exist U G T, smc/i t/iat p(x,y) C[/C p(s,t). 

Theorem 2.11. Let (X, T) oe a semi-linear uniform space. Then, 
(i) {p(x, y) : (x, y) G X x X} is a chain. 
(m) {<5(x, y) : (x,y) G X x X, x ^ y} is a chain. 

Theorem 2.12. Let (X, T) oe a semi-linear uniform space. Then, = pU (5 U T 
is a chain. 

Theorem 2.13. Let (X, T) oe a semi-linear uniform space. Then, 
(i) (X, p) is a semi-linear uniform space, 
(ii) (X, 5) is a semi-linear uniform space. 
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Lemma 2.14. Let (X, T) be a semi-linear uniform space. Then, p(x,y) C p(s,t) 
if and only if 8{x, y) C S(s, t). 

Theorem 2.15. Let (X,T) be a semi-linear uniform space. Then, p(x,y) = p(s,t) 
if and only if 8{x, y) = S(s, t). 

In [7] , the authors defined the concepts of, convergent, Cauchy and they 
proved that (i) Every convergent sequence is Cauchy. (ii) Every Cauchy sequence 
is bounded, (iii) If (x n ) converges then the limit is unique. Also they gave the 
following open question. 

• Question 3. If p(x, E) — A, must x € E e l 
Clearly the converse of the above question is true. 

3. Proximinality in Semi-Linear Uniform Spaces 

What is nice about semi-linear uniform spaces is that theory of best approxi- 
mation can be studied in such spaces without tools that metric structure usually 
offers. In [7] the authors defined the following concepts and proved the following 
results. 

Definition 3.1. Let (X, T) be semi-linear uniform space, and E C X. The set 
E is called proximinal if for any x G X, there exists some e G E such that 
p(x,E) = p(x,e). 

Proposition 3.2. If E C X is proximinal, then E is closed. 

This question is given in [7] , is still open. 

• Question 4. If E is compact, must E be proximinal?. 
But the following partial answer is given. 

Theorem 3.3. [7] Let {X, T) be a semi-linear uniform space. Then every finite set 
is proximinal. 

n 

Corollary 3.4. If E\, £2, ..., E n are proximinal in {X, T), then [J Ei is proximinal 

i =1 

too. 

Also every sequence with it's limit is compact, so we have another partial answer 
to the question. 

Theorem 3.5. Let (X, T) be a semi-linear uniform space and (y n ) be a convergent 
sequence in X. Then E — {y,y 1 ,y 2 , ■■■} is proximinal, where y = \imy n . 

4. Fixed point in semi-linear uniform space 

In [9], A.Tallafha defined Lipschitz condition for functions and contrac- 
tions functions on semi-linear uniform spaces which enables us to study fixed 
points for such functions. Since Lipschitz condition, and contractions are usu- 
ally discussed in metric and normed spaces, and never been studied in other weaker 
spaces. We believe that the structure of semi-linear uniform spaces is very rich, 
and all the known results on fixed point theory can be generalized. 

Definition 4.1. [12] Let f : (X, Tx) — > (Y,Ty) ■ Then f is uniformly contin- 
uous ifVU e T Y , 3V <E T x such that if (x, y) e V, then (/ (x) , / (y)) e U. 
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Clearly using our notation we have: 

Proposition 4.2. Let f : (X,Tx) — ► (Y,Ty) ■ Then f is uniformly continuous 
if and only ifWU G IV, 3V G Tx such that, for all i,i/6l, if p (x,y) C V, then 
P Y {f(x),f(y))QU. 

The following Proposition, shows that we may replace p by 5 in Proposition 3.2. 

Proposition 4.3. [9] . Let f : (X, Tx) — > (Y, IV). TTien / zs uniformly contin- 
uous if and only if\/U € IV, 3y e Tx, smc/i i/iat /or a/Z x,y (z X, if S x (x, y) C V, 

toenM/(a;),/(y))C17. 

In [9] , Tallafha gave the following. 

Definition 4.4. Lef / : (X, F) — ► (X, T) , then f satisfied Lipschitz condition 
if there exist m, n G N suc/i i/iai mS(f (x) , / (y)) C n<5(a;, y). Moreover if m > n, 
then we call f a contraction. 

Remark 4.1. One may use the set valued function p, instead of S in the above 
definition. 

It is known that, every topological space (X, r) , whose topology induced by a 
metric or a norm on X, can be generated by a uniform space sec [4] , Also we now 
that if / is a contraction then it satisfies Lipschitz condition, if / satisfies Lipschitz 
condition, then it is uniformly continuous. In [9] Tallafha gave a similar results. 

Theorem 4.5. [9]. Every topological space whose topology induced by a metric or 
a norm on X, can be generated by a semi-linear uniform space, namely, 

r= jv e ,e>0:V e = |J {x}xB(x,e)\. 

I x£X J 

Theorem 4.6. [9] . Let (X, Tx) be any semi-linear uniform space, and f : [X, T) — ► 
{X,T), then. 

(1) If f is a contraction then it satisfies Lipschitz condition. 

(2) If f satisfies Lipschitz condition, then it is uniformly continuous. 

Definition 4.7. [7] . A semi-linear uniform space (X,T) is called complete, if every 
Cauchy sequence is convergent. 

Fixed point theorems is one of the well known results in mathematics, and has 
a useful applications in many applied fields such as game theory, mathematical 
economics and the theory of quasi-variational inequalities. It states that every 
contraction from a complete metric space to it self has a unique fixed point. So the 
following question is natural. 

• Question3.8. Let (X, T) be a complete semi-linear uniform space. And 
/ : (X, T) —> (A, r) be a contraction. Does / has a unique fixed point. 

Remark 4.2. All the results which was obtained using contraction on metric spaces 
can be consider as an open questions in semi-linear uniform space. 
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ALZER INEQUALITY FOR HILBERT SPACES OPERATORS 

ALI MORASSAEI AND FARZOLLAH MIRZAPOUR 

Abstract. In this paper, we give the Alzcr inequality for Hilbcrt space oper- 
ators as follows: 

Let A, B be two sclfadjoint operators on a Hilbert space H. such that < 
A, B < „-/, where / is identity operator on H. Also, assume that AV \B := (1 — 

l / _i _ i\ A l. 

X)A + \B and A$\B := A2 [A 2 BA 2 J A2 arc arithmetic and geometric 

means of A,B, respectively, where < A < 1. We show that if A and B are 
commuting, then 

B' V A A' - B' h A 1 < A V A B - A h B , 

where A' := I — A, B' := I — B and < A < „-. Also, we state an open 
problem for an extension of Alzer inequality. 



1. Introduction and preliminaries 

Let x\, ■ ■ ■ , x n € (0, |] and Ai, • • • , A„ > with X^=i Aj = 1. We denote by A n 
and G n , the arithmetic and geometric means of Xi, ■ ■ ■ ,x n respectively, i.e 



A n — / y ajXj, G„ — J_|^ 



3=1 3=1 



and also by A' n and G' n , the arithmetic and geometric means of 1 — Xi, ■ ■ ■ , 1 — x„ 
respectively, i.e. 






Xi) X * 



Alzer proved the following inequality and its refinement [1, 2] 

(1.1) A' n -G' n <A n -G n . 

Throughout the paper, let B(7i) denote the algebra of all bounded linear opera- 
tors acting on a complex Hilbcrt space (7i, (•, •)) and / is the identity operator. In 
the case when dim7i = n, we identify B(7i) with the full matrix algebra Ai n (C) 
of all n x n matrices with entries in the complex field and denote its identity 
by /„. A selfadjoint operator A <G B(7i) is called positive (strictly positive) if 
(Ax,x) > ({Ax,x) > 0) holds for every x e H and then we write A > (A > 0) 
[6, 8] . For every selfadjoint operators A,B e B(W), we say A < B if B - A > 0. Let 
/ be a continuous real valued function defined on an interval [a, /?]. The function 



Key words and phrases. Operator concavity, selfadjoint operator, arithmetic mean, geometric 
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/ is called operator decreasing if B < A implies f(A) < f(B) for all A, B with 
spectra in [a, /?]. A function / is said to be operator concave on [a, (3] if 

Xf(A) + (1 - A)/(B) < f(XA + (1 - X)B) 

for any selfadjoint operators A,Be M(H) with spectra in [a, (3] and all A € [0, 1]. 

The main result of this paper is the following theorem: 

Theorem (Alzer Inequality). Suppose that A, B £ M(Ti) are commuting opera- 
tors such that < A < B < \l, and let A' := I- A and B' = I - B. If < A < \, 
then 

B' V A A' - B' h A' < A V A B - A U B . 

2. Main results 

In this section, we state an identity between arithmetic and geometric mean for 
positive operators and then we consequent the Alzer inequality. 

We recall that, the weighted arithmetic mean \7\ and the weighted geometric 
mean (the X-power mean) ft a defined for < A < 1: 

A V A B := (1- X)A + XB, 

A tJ A B := Ai lA-iBA~i) Ai 



Also, we know that A (Ja B = B (Ji-a A and if AB = BA then A$ X B = A X ~ X B X . 

Notice that if A = \ in above definitions, we have the classic arithmetic and 
geometric means and denote its as follows: 

A:=A\7B = A\7i B=-A+-B. 

5 2 2' 

1 

G:=AViB = AbiB = A h i (a-^BA'^A 5 A^ . 



Also, we know that A' = A 1 V B' and G' = A' fl B' . 

In the following theorem, we state distance between the arithmetic mean and 
the geometric mean as an infinite series. 

Theorem 2.1. Assume that A and B are two positive operators in B(7i) such that 
\\B~^AB-h\\ < 1 and Ae (0,1). Then we have 



(2.1) A V A B - A U B = f^-l)*- 1 1 1 X ) (AB- 1 - I 

Proof. By using the binomial scries, we have 

B-^AB-A = (l+(B-iAB~i - iY 



) k B. 



x '1-AA /„ i .i xfe 



(2.2) =I + Y1 I ){B-iAB-i-I 



k=l 
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Now, by multiplying each side (2.2) by B 2 , we get 

l / l , i \ !- A l 
B2 LB" 5 AS" 5] Bs 



B + ^r( JB5 (B'^AB-i -i) B5 



B 



k . 
fe=i v 

1 - A\ , . _ A /;, _ A 



fc=2 



\(A-B) + Y J ( , )Bi (B-zAB-i -I) B5 



1-A 



a- 



B? 



= B + (l-A)(-l)(B-i4) + ^( JB5[B-i(i4-B)B- 

= (l-A)/l + Ai?-^(-l) fe - 1 [(4-5)Bl fc B, 

fc=2 ^ ' 

so, B )ji_ A A = A V A B - Efel 2 (- 1 )' c_1 ( 1 fe A ) (-4S- 1 - if B, which completes 
the proof. □ 

We know that, if A and B are two commuting positive operators in B(7i), then 
AB is positive operator and (AB)s = A^B?. Furthermore, if B is invertible, then 
AB^ 1 = B^ 1 A. Also, we recall that if A and B are not commuting, then AB is not 

necessarily positive. For example, A = I „ . J and B = I . I are positive 

but their product is not [10, p. 309]. 

Now, by using the above statements and Theorem 2.1, the following corollary is 
obvious. 

Corollary 2.2. W^ii/i £/ie assumptions in Theorem 2.1, «/ A and -B are commuting, 
then 



X 



-lA-A 



AV A B-^B A B = ^(-l) fc - 1 B^(B-A) fc B 



fc=2 



In the following theorem we state the Alzer inequality for two commuting positive 
operator in . 



Theorem 2.3 (Alzer Inequality). Suppose that A, B G M(H) are commuting oper- 
ators such thatO <A<B<\I, and let A' := I - A and B' = I-B. I/O < A < \, 

then 

(2.3) B' V A A'-B'UA'<A V A B-A$ x B. 

Proof. It is clear that < A < B < \l < B' < A' < I and also A'B' = B'A'. By 
using Corollary 2.2, we obtain 

(2.4) AV X B-AUB = f^-lf- 1 ( l " A )s^(B - A) k B^ , 

fe=2 ^ ' 



and 



(2.5) B' V A A'-B'Ja A' - ^(-l)*- 1 , U'~ (A'-B' fe ,4 



1 — A\ . .i-fc 
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, l — fc 



Since A! - B' = B - A, B < A' and k > 2 we have A'^r(A' - B' k A!^ ■ 

B^(B - A) k B^. On the other hand, since < A < \ and (-l) fe_1 (£) > 

for all < a < 1 and k > 2, we get (-l)' £ - 1 ( 1 ^ A ) J 4' i ^(A' - B' k A 1 ^ < 

(_l)fe-i (^-^B 1 -^- (B - A) k B^ , which completes the proof. □ 

Corollary 2.4. With the above notations, we have 

A' G' < A G. 

Proof. Sufficient in the Theorem 2.3 we set A = | and use of this fact that AVB = 

BVA and AjjB = B\A. ' D 

3. Open problem 

In this section, we present an extension of Alzer inequality for Hilbert space 
operators as an open problem. For this purpose, first, we express some fundamental 
properties of the geometric mean. For to sec many details c.f. [3, 4, 9, 11]. 

The geometric mean G2 := G 2 (A, B) of two positive operators A and B was 
introduced as the solution of the matrix optimization problem, [3] 

(3.1) Gi{A,B):=maxlx : X* = X, (* j)>0 

This operator mean can be also characterized as the strong limit of the arithmetic- 
harmonic sequence {§ n (A, B)} defined by [5, 7] 

(3 2) {*o{A,B) = ±A+±B, 

($ n+1 (i,B) = ^ n (i,B) + ^($ n (4,B))- 1 B (n>0). 

We know that, the explicit form of G2(^4, B) is given by 

1 
(3.3) G2(A,B) = A*(a-*BA-*Y A*. 



M. Rai'ssouli, F. Leazizi and M. Chergui in [11] described an extended algorithm of 
(3.2) involving several positive operators. The main idea of such an extension comes 
from the fact that the arithmetic, harmonic and geometric means of to positive real 
numbers <2i, a 2 , • " " > a m can be written recursively as follows 

m 

1 ^-v 1 m — 1 , . 

— > Oj = — 01 H A m _i(a 2 ,- • • ,a m ) , 

TO z — ' TO, TO 



1 _i . TTl — 1. 



(3.4) A TO (ai,a 2 ,-- 


i &mj • 


(3.5) 




H m (ai,a2, • • • , a m ) := 


1 TO z — ' 

V 0=1 



a i H H m _ 1 (a 2 ,--- , a m ) 

TO TO 



(3.6) G m (ai,a 2) - •• , a m ) := V a i a 2 • • -a m = af (G m _i(a 2j - • • , a TO )) m . 

The extensions of (3.4) and (3.5) when the scalers variable 01, a 2 , ■ ■ ■ , a m are pos- 
itive operators can be immediately given, by setting A^ 1 = lim e |o(A + eJ) . We 
know that the power geometric mean of two positive operators A and B defined by 

(3.7) <f>-L(A,B):=Bi (b-^AB-i)™ B^ . 
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Assume that A\, ■ ■ ■ ,A m e M(H) (m > 2) are m positive operators. In this 
section we introduce the geometric mean of A\, ■ ■ ■ ,A m . By using the algorithm 
(3.2), we define the recursive sequence {T n } := {T n (A, B)}, where A,Be R(H) are 
two positive operators, as follows 

(3 8) < T ° = ™ A + ,JJ ^ lB; 

\ Tn+1 ^m_± Tn + l lA{T -i Br -i (n > 0) . 

In what follows, for simplicity we write {T n } instead of {T n (A, B)} and we set 

r(- 1 ) = (r„(A- 1 ,s- 1 ))- 1 . 

In the following theorem Rai'ssouli, Leazizi and Chergui [11] proved the convergence 
of the operator sequence {T n }. 

Theorem 3.1. With the above assumptions, the sequence {T n } :— {T n (A,B)} 
converges decreasingly in B(7i) ; with the limit 



(3.9) limT„:=$i(i,B)=B5 rsir? B? . 

nf+oo rn \ / 

Further ; the next estimation holds 

(3.10) 0<T n -$±(A,B) < ( 1 J (t - T (_1) ) Vn>0. 

Notice that $j_(j4,_B) = A^B 1 ^™ when A and B are two commuting positive 
operators and so, $j_(A,7) = A™, <I>j_(/,i3) = B 1 ^™ for all positive operators 
A and B. Also, the map (A, B) i— ► $j_(A,_B) satisfies the conjugate symmetry 
relation, i.e. 

m-l 

(3.11) $j.(A,B) = A5[A"JBr5J "' ^ =$m-i(B,^). 

In the same paper, we see the definition of geometric operator mean of A\, ■ ■ ■ , A m 
as follows. 

Definition 3.2. Assume that A\, ■ ■ ■ , A m G B(7i) are the positive operators. The 
geometric operator mean of A\,- ■ ■ , A m is defined by the relationship 

(3.12) G m (A 1 ,A 2 ,--- ,A m ) = $j_(A 1 ,G m - 1 {A 2 ,--- ,A m )) . 
It is easy to verify that, if Ai, ■ ■ ■ , A m are commuting, then 

G m (A 1 ,A 2 ,--- ,A m ) = {A U A 2 ---A m )™ . 

In particular, for all positive operators A € M(H) we have G m (A,A, ■ ■ ■ , A) = A 
and G m (J,J, ••• ,A,7, ••• ,1) = 4m, Also, we know that (A,B) h^ G 2 (A,_B) is 
symmetric, but G m is not symmetric for m > 3, for more details see [11, Example 
2.3]. 

The geometric operator mean G m (Ai,A 2 , ■ ■ ■ ,A m ) has nice properties that for 
seeing more details c.f. [11]. 

Open Problem. Let A\, ■ ■ ■ , A n be n selfadjoint operators on an Hilbert space 
"H such that < Aj < |/, where I is identity operator on Ti [6, 8]. Also, let A„ := 
A n (Ai,--- ,A n ) and G„ := G n (Ai,--- ,A n ) be arithmetic and geometric means 
of A lr -- ,A n [11], and A'„ := A„(4' 1 ,--- ,A'J and GJ, := G„(A' 1 ,--- ,A' n ) be 
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arithmetic and geometric means of A\, ■ ■ ■ ,A' n where A'a := I — Aj (j = 1, • 
respectively. Then it seems that 



[6 

[7 

[8 
[9 

[10 

[11 
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DIRECT RESULTS ON THE g-MIXED SUMMATION INTEGRAL 

TYPE OPERATORS 

ISMET YUKSEL 



Abstract. In this paper, we introduce a g-mixed summation integral type op- 
erators and investigate their approximation properties. We obtain a Voronovskaja 
type theorem and give direct results on degree of approximation for continuous 
functions. 



1. Introduction 

Let / be a locally integrable function on the interval [0, oo). the mixed summa- 
tion integral type operators are defined as 

oo 
oo ,. 

(1.1) S n (f; x) = (n - 1) ^ s n , v (x)l b n , v ^(t)f(t)dt + e~ nx f(0) 



where 



s n ,v {x) = e~ nx { ^- and 6 n ,„ (t) = ( n + V l )/"(!-/) " 



are respectively Szasz and Baskakov basis functions. This operators were studied 
in [6] and in [13]. Phillips [11] firstly studied Bernstein polynomials based on the 
q— integers. Gupta and Heping [7] studied the rate of convergence of q— Durrmeyer 
type operators. Aral and Gupta [1] introduced Durrmeyer type modification of the 
q— Baskakov type operators. Recently in [5], Gupta and Aral studied convergence of 
the q— analogue of Szasz-beta operators. Our aim is to obtain direct results on q— 
mixed summation integral type operators. Before, we give some properties of q— 
calculus. Throughout this paper we use following the notations and the formulas, 
which can be founded in [4], [8], [9] and [10] and [12]: For n € N and a, b e R, the 
q— integer and the q— factorial are defined by 

(1.2) [n] q = (1 - q n ) I (1 - q) , for < q < 1; [n] q = n, for q = 1 
and 

(1.3) [n] q \ - [l] g [2] g ...[n] 9) n e N\{0}; [0],l = 1. 
The q— binomial coefficients are given by 



(1.4) 



n 
v 



nU 
J ' ,0<v<n. 



\ q \[n-v] q \ 



Key words and phrases, q— integral, g-mixed operators, Voronovskaja type theorem, K- func- 
tional, weighted approximation. 
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(i.5) (D g f)( X ) = M g_yr ; . for x * o 



2 I. YUKSEL 

The g— derivative -D g / of a function is given by 

f{x) -Kqx) 
q)x 

and (D q f)(0) — /'(0) provided that /'(0) exists. The two q— analogues of the 

exponential function are defined by 

(1.6) 

« - 1 w - (thtW and £ « - f>*" )/2 [£ = (1 + (1 - "^ 

where 

oo 

(l + a)~ = n(l + 9 j_1 «)- 
The improper q— Jackson integral is defined as 

oo I A 
(1-7) / f(x)d q X = (1 - q) J2 /(?)?' ^ > °" 



i) 



nt: 



The g— Gamma function and the q— Beta function are defined as 

ooM(l-qr) 

(1.8) r q (u) = K(A,u) f x u - 1 e- qx d q x 

o 
and 

oo I A 

(i.9) B^to-ir^tt) / n x "~l +v d q x~ T « l -"V»^ 

J (1 + x 1 



where 



[i + x) u q +v q r q (u + v) 



K(A,u) = —r(l+-r) {l + A)\- u andia + br^Hia + q^b). 

In particular, for u £ Z, if(A,u) = g"^- 1 )/ 2 and K (A, 0) = 1. 

2. Generalized g— mixed operators 

Let p, w e N, n £ N\ {0} , A > and / be a real valued continuous function 
defined on the interval [0, oo). Using the formulas and the notations between (1.2) 
and (1.9), we introduce q— mixed summation integral type linear positive operators 
for < q < 1 as 

(2.1) 

oof A 

Sn, P , q (f;x) = [n+p-l} g J2 s n,pAr(x);q) / b n ^ v ^(t:q)f(t)d q t+e-^ + ^ r ^f(0) 

v=l { 

where 

( ( ^ \ _ {[ n +P]qr{x)Y -in+p] q r(x) , x _ g[^+p-2] g 

s n , p , v (r(x),q) .- - ^ - e 9 ■ , r[x) .- ][n+p]q x 
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and 



On,p,v \t] Q) 



n 4- p 4- v — 1 



^('U+l)t>^ 

,(l+i)? +p+ "" 



If we write q = 1, p = and put a; instead of r(x) in (2.1), then the operators 
Sn,p,q are reduced to mixed summation integral type operators given (1.1). 
Now we give an auxiliary lemma for the Korovkin test functions. 

Lemma 2.1. Let e m (t) — t m , m — 0, 1, 2, 3, 4. we have 



{i) S n:P!q (e ;x) 

\%l) O n ,p,q\fil] X) 

(Hi) S n>P! g(e2;x) 
{iv) S n!P:q (e 3 ;x) 

(v) S n ^^ q (e 4: ; x) 



[2],, 



x, 

[n + p-2] q x 2 

q 2 [n+p-3] q q 2 [n + p-3] q 

[n + p-2} 2 q x 3 | ([2} q q + [4],)[n + p - 2] q x 2 

q 6 [n + p - 4} q [n + p - 3] q q 6 [n + p - 4} q [n + p - 3) q 
[2} q [3] q x 



q 5 [n + p - 4] q [n + p - 3],' 



3„,4 



[n + p-2] q x 



q 12 [n + p- 5} q [n + p - 4} q [n + p - 3} q 

2„3 



| ([2] q q 2 + [4] q q+[6] q )[n + p-2] 

q 12 [n+p- 5} q [n + p- 4] q [n + p - 3] q 
| ([2} q [3} q g 2 + [2} q [5] q g + [A] q [5] q )[n+p- 2} q x 2 
q n [n+p- 5] q [n + p - A] q [n + p - 3} q 

+ [2] g [3] g [4],x 

q 9 [n+p - 5] q [n + p- 4] q [n + p- 3} q 

Proof. Using (1.8) and (1-9), we can obtain the estimate, 



o/A 



h (t)t m 

q(v+l)v a i % ~ 



n + p 4- v — 1 



d/A 



LV+rn 



d„t 



,,. ., [l+t) n q +p+v q 



(2.2) 



[n + p + v — l] q \ B q (v + in + 1, n + p — m — 1) 
[v] q \[n + p - l] q \ K(A,v + m+l) 

[v + m] q ! [n + p — m — 2} q ! 
[v} q l[n + p- i] g !q(«+m+i)(«+m)/2 ■ 



From (2.2) and (1.6), we get 

oo 

Sn, P , g (eo;x) = J2l v(V ~ 1)/2s ^ r ( x y>ti + e v ln+P]qr(x) 



- P -[n+p] q r(x) I V^ „v(v-l)/2 ([ n + P\q r { x )) V 

i \2^ q r„i . i 



p -[n+p] q r(x) p[n+p] q r(x) 

c q ^q 



= 1, 
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which completes the proof of (i). By a direct computation 



S n , P , q (e i; x) = Y.^ 2 -^' 2 } v]q _ s n , p , v (r(x);q) 



v=l 



n + p - 2} q 



qxJ2l {v - 3v)/2 s n , P ,v-Mx);q), 



which gives proof of (ii). Using the equality [v + l] q = [v — l} q + [2} q q v 1 , we can 
write 



S n ^ q {e 2 ;x) = [n + P ~ 2] ^ X)2 Y J q^-^-^s n ^ 2 {r{x);q) 



roi °° 



which gives proof of (in). Using the equality 

[v + l] q [v + 2} q = [v - l] q [v - 2} q + ([2} q q + [4] 9 )<f-> - 1], + [2} q [3] q q 2 



we can write 



&n,p,q\&3 3 X 1 ) 

\n + p — 2}?,(qx) 3 J^ , 2 - ^ , n 

M J ■Y j q (v - 7v - 6)/2 s n , P , v -z{r{x) ] q) 



v=3 

. ([2] g g + [4] q )[n + g - 2]q( g x) 2 ^ (fc2_5 fc _ 10)/2 r , v 

+ [n+p-4] q [n + P -3] q ^ q s n , p , v _ 2 [r[x), 



[n + p-4] q [n + p- 3] q ^ 

9l.C«^ 2 ^2. „, ., 

9) 
tj/-oj, — 2 

+ [ 2 U 3 ]^ yV- 2 -3«-io)/2 s ifrfzVo) 

+ [n + p-4],[n+p-3],^ 9 *W-iUW,<?J, 

which gives the proof of (iv). For the proof of (v), using the equality 

[v + l] q [v + 2] q [v + 3} q 
= [v- l] q [v - 2} q [v - 3} q + ({2} q q 2 + [4] q q + [6] q )q v - 3 [v - l] q [v - 2} q 
+ ([2} q [3} q q 2 + [2} q [5] q q + [4} q [5] q )q 2v - 4 [v l) q + [2} q [3] q [4] q q^- 3 , 
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we can write 



[n+p-2f q { q x) i 



[n + p-5] q [n + p-A] q [n+p-3] q ^ 



E« ( " 9 "- 12)/2 «n W -4(r(x);«) 



([2} qq ^ + [4] qq +[6} q )[n+p-2}l( qx r f, „ ( „>_ 7i; _i 8)/ , , , , , 

[n + p-5] g [n + p-4L> + p-3] g ^ 9 s nj> , v . 3 (r(x),q) 

([2] g [3] gg 2 + [2] g [5] g g + [4] g [5],) [n+p- 2] q {gxf 
[n + p- 5} q [n + p - 4] g [n + p - 3] g 

OO 



x 

u=2 



Thus, we get the desired result. □ 

Lemma 2.2. Lei q G (0, 1), n > 3 andp € N. TTien we Ziawe the following inequality 

S n , p , q ((t-xf;x)< 4X{X + 1) 



q 2 [n + p- 3] g ' 

Proof. From linearity of S njPtq operators and Lemma 2.1, we can write the second 
moment as 

^.,_ I [n + p-2] q \ 2 [2], 



\g 2 [n + p-3] g 7 g 2 [n + p-3] g 



[n + p - 2], - q 2 [n + p - 3] q = 1 + q - q n+p - 2 , 



Using the equality 

we obtain 

d%\ c "* ^ x / l + g-^+^ X 2 , [2] g 

(2.3) S niP , q ({t -x) ;x)= [ -=- a; + x 

\g 2 [n+p-3J g / 2 [n+p- 3J g 

then we reach the result of Lemma. D 

Lemma 2.3. Let (q n ) C (0, 1) a sequence such that q n — ► 1 and q™ ^ a as n ^ oo. 
Then, for any peN, we ftave £/ie following limits 

(i) \im {n+p] qn S npqn ((t — x) 2 ;x) = (2 — a)x 2 + 2x 
(m) lim [n + p] 2 5„ „ „ (ft - x) 4 ; x) = (3a 2 - 12a + 12) x 4 + (3 - 12a)x 3 + 12x 2 

Proof, (i). From (2.3), we obtain desired result 

lim [n + p] qn S n ^ qn ((t-x) 2 ;x) 

= lim / / (1 + q n q^- 2 ) [n + Pk \ 2 | [2] g „ [n + p] g „ \ 
™^°°\\ 9n["+P- 3 ]<?„ / ^[n+p-3] gn J 

= (2 - a)x 2 + 2x. 
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(ii). From Lemma 2.1, using the linearity property of the S ntPt q n operators for 
n > 5, we can write 

S n , P ,q n ((t-x) 4 :x) = Ci(n,p, q n )x 4 + C 2 (n,p, q n )x 3 + C 3 (n,p,q n )x 2 + Ci(n,p, q n )x 

where 

Ci{n,p,q n ) - 



Qn 2 [n + P - 5],„ [n + p - 4] 9n [n + p - 3] 9n 

4[n+p-2] 2 n 6[n+p-2] g „ 



C 2 (n,P,gn) 



g£ [n + P - 4]g n [n + p - 3] 9n g 2 [n + p - 3] 9n 

([2] g „gg + [4],„gn + [6] g „)[>i + p-2]g n 
gi 2 [n + p - 5] Sn [n + p - 4] 9n [n + p - 3] q „ 
4([2], B g n + [4] gB )[n + p-2] gB 6[2],„ 



3, 



g£ [n + p - 4] 9?i [n + p - 3] 3n g 2 [n + p - 3] 9n ' 

C 3 (n,p,q n ) 

([2], B [3], B «S + [ 2 k[5k</n + [4] 9n [5],J[n+p- 2], n 4[2] 9n [3] g „ 



g" [" + P - 5], n [n + p - 4] 9n [n + p - 3],„ q^[n+p- 4] qn [n + p - 3] 9n ' 

and 

C 4 (n,p,g n ) 



[2] 9 „[3] g „[4],„ 



?n[ n + P - 5 ]<?„ I 71 + P ~ 4]g„ [«• + P - 3] g „ ' 

It is obvious that 

(2.4) lim [n + pf C4,{n,p,q n ) =0. 

n — >oo ^ 

Using the relations [n + p - 2] 9n = [3], n + g^[n + p — 5] gn , [n + p — 3] 9?l = [2], n + 
<7 2 [n +p — 5] gri and [n +p — 4] 9?i = 1 + g„[n + p — 5] 9n ,we will get following limits. 

Firstly, 



= lim 



lim [n + p] 2 qn Ci(n,p,q n ) 

+ p- 5)1 (1 - g ™+P-i) 2 (-3^ + 3q 2 n + 2q n + 1) 



n— »oo 



n ^°° I <?«["• + P - 4] 9n [n + p- 3] 9n 

, [g + g - gk [" + gk (1 - g"^" 1 ) (6g» - ggg - 9g| - 7 g ^ + g ; 3 t + 9g 2 + 6g n + 3) 

g«[" + P - 4] g „ [n + p - 3] q „ 
| [n + p] 2 „ (-3C + 3 g? 9 t + Qqj + 2g 7 n - 8g 6 n - 12g 5 n - hgj + 2g^ + Qgg + 6g» + 3) 

g«[" + P - 4] g „ [n + p - 3] 9 „ 



'"■ 



+ P]g„( 1 +'?™+ ( ?n) 3 



gi 2 [n + p - 5] 9n [n + p - 4] 9n [n + p - 3] 9n 

3(1 -a) 2 + 6(1 -a) + 3. 
(2.5) 
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Secondly, 

lim^ [n + p] \ n C 2 (n, p, q n ) 

+ P- 5],„ [n + p} gn (1 - C +p_1 ) ("2^ + 3g 2 + q n + l) ( g „ + l) 2 




q%[n + p-4} qn [n + p-3] qn 

[n + PJ|, (eg, 1 , 1 + 6gg - 4g 9 - 8gg - 8gg - 4gg + g 2 + g» + 1) 
g£ 2 [n + P - 4] q „ [n + p - 3] q „ 

[n+p] 2 g n (l + q n +ql) 2 \ 

In 2 [n + P - 5]g n [n + p - A] qn [n + p- 3} qn J 

(2.6} 12(1 -a) -9. 



Finally, 



lim [n+p] 2 C 3 (n,p,g„) 

+ P]g n (g 7 - g 6 - 2g 5 + 4g 3 + 6g 2 + 3g + 1) 



lim < — 

Il ^°° gn[ n +P- 4 JfeF+P- 3 J^ 



g 9 + 4g 8 + 10g 7 + 17g 6 + 22g 5 + 22g 4 + 17g 3 + 10g 2 + 4g + 1 
g" [n + P - 5] qn [n + p - 4] 9n [n + p - 3] 9n 
(2.7) = 12. 

Combining the limits between (2.4) and (2.7), we reach the desired result. □ 

3. VORONOVSKAJA TYPE THEOREM 

Now we give a Voronovskaja type theorem for the £n,p,g„ operators. -B[0,oo) 
denotes the set of all bounded functions from [0, oo) to R. B[Q, oo) is a normed space 
with the norm ||/||s — SU P {1/(^)1 : x <= [0,oo)} . Cb[0, oo) denotes the subspace of 
all continuous functions in B[0, oo). The weighted Korovkin- type theorems were 
proved by Gadzhicv in [2] and [3] . We give the Gadzhiev's results in weighted spaces. 
Let p{x) — 1 + tp 2 (x), ip(x) is a monotone increasing continuous function from 
[0, oo) to R. B p [0, oo) denotes the set of all functions / , from [0, oo) to R, satisfying 
growth condition |/(x)| < Mf p(x), where Mf is a constant depending only on /. 

B p [0, oo) is a normed space with the norm \\f\\ p = sup < |/(x)| (p(x)) : x € R > . 
C p [0, oo) denotes the subspace of all continuous functions in B p [0, oo) and C*[0, oo) 
denotes the subspace of all functions / € C p [0, oo) for which lim |/(x)| (p(x)) 

\x\ — »oo 

exists finitely. 

Theorem 3.1. Let (g„) C (0, 1) a sequence such that q n — > 1 and g™ — > a as 

n — > oo. For any / € C[0, oo) swc/i f/iai /', /" £ C[0, oo) we have the limit 

lim [n + p] qn {S n , p , qn (/; x) - /(x)) = ( — — - x 2 + a; I /"(x). 
Proof. By Taylor's expansion of /, we have 

fit) = /(as) + /'(x)(* - x) + i/"(x)(t - x) 2 + e (t, x)(i - x) 2 
where e(t,x) — > as t — > x. Then, from Lemma 2.1, we obtain 
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Sn,p,q n (f;%) = f( x ) + id' '(%)S n ,p,q n ((t ~ x) 2 ;x) + S ntP>qn (s(t,x)((t - x) 2 ;x). 
For third term on the right side, using Cauchy-Schwarz inequality we write 
S n ,p, qn (e(t, x)((t - x) 2 ;x) < d S n<Ptqn (e 2 (t, x); x)d S ntPAn {{t - a;) 4 ; x). 
Then 

lim [n + p] qn S n , Pt q n (s(t, x)((t - x) 2 ; x) 

rt— >oo 

< ./lim S n , Py q n (s 2 (t,x);x)./ lim [n + p} 2 S n v djjt - xY;x). 

From Lemma 2.3 (ii), lim [n+p] 2 , S np q n ((t— x) A ;x) is finite. Since lim S np qn (e 2 (t,x),x) 
0, we have 

lim [n+p] qn S n „ qn (e(t, x)((t - x) 2 ;x) = 0. 

n^oo 

Thus, we obtain 

lim [n+p]q n {S n ,p,q n (f;x)- f(x)) = -/"(x) lim [n + p]q„5 , „, p , g „((t - a;) 2 ; x). 

n—>co Z n^oo 

Considering Lemma 2.3 (i), we get the desired result. □ 

4. Direct Results 
In this section, we denote first modulus of continuity on finite interval [0, b] , b > 

(4.1) W[o,6] (/;*)= sup |/(a; + /i)-/(aO|. 

o<ft<<5,xe[o,fc] 

The Peetre's if— functional is defined by 

K 2 (f; S) =in£{\\f-g\\ B +6 \\g"\\ B : g e W^} , 6 > 

where W£ = {# <= C B [0,oo) : g',g" e C B [0,oo)} . By , p. 177, Theorem 2.4 in [14], 
there exists a positive constant M such that 

(4.2) K 2 (f;d)<Mcu 2 (f,Vd) 

where 

w 2 (/;*)= sup sup |/(a: + 2/i)-2/(a; + ft)-/(a:)|. 

0</i<c5a;e[0,oo) 

Theorem 4.1 ([2] and [3]). (a) There exists a sequence of linear positive operators 
L n : C p [0, oo) — > -Bp [0,oo) swcft t/iai 

(4.3) lim ||L„(^)-<^% = 0, i/ = 0,l,2, 

n — ►oo 

and £frere exists a junction f* £ C p [0, oo)\C*[0, oo) with 

lim ||L„(/*)-/*|| p >l. 

n — >oo 

(b) If a sequence of linear positive operators L n : C p [0,oo) — ► B p [0, oo) satisfies 
conditions (4.3), then 

lim \\L n (f)-.f\\ P = 0, 

n — >oo 

for every / <E C*[0,oo). 

Throughout this paper we take growth condition as p(x) = 1 + x 2 . 
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Lemma 4.2. Let q G (0,1), n > 3 and peN. Then, for every x G [0, oo) and 
f" G Cs [0, oo) we have the inequality 



\S n ,p,q(f'i x ) - f( x )\ < 



Proof. Using Taylor's expansion 



2iir 



<7 2 [n + p — 3] 



-x(a; + 1). 



/(*) - f{x) + (t- x)f{x) + jit- u)f"(u)du 
and from Lemma 2.1, we have 



S n ,p,q(f; x) = S'n.p.g I / (t - u)f"(u)du; X 
Then, using the inequality 



(t - u)f"{u)du 



< \\r\ 



„„ it-*? 



we get 



\S n , P M;x) - /(*)! < \\f"\\Sn, P , q ( ^J^-IX i - 



2||/"||i 



q 2 [n+p- 3] 



-x(x + 1). 



D 



Theorem 4.3. Let (g„) C (0, 1) an sequence such that q n — ► 1 ssn-> oo. TTien 
/or every n > 3, p G N , x G [0, oo) and f G Cs[0, oo) we /lave t/ie inequality 



\S n , p , q JJ:x)-f(x)\<2Muj 2 [f; 



x(x + 1) 



g„[n + p-3] 9ri 



Proof. For any g G W<^,, we can write 

\Sn,p,q n (f;x)- f(x)\ < \S n ,p,q n (f ~ 9,X) - (/ - g)(x)\ + \S niP ,q n (g, x) - g{x)\ . 

Then, from Lemma 4.2, we have 

|Sn J ,, gB (/;s)-/(s)|<2||/-g|| J? + J X{ * + 1 1 \\9"\\b. 

<lZ[n + P-3}qn 

Now taking infimum over g G W^ on the right side of the above inequality and 
using the inequality (4.2), we get the desired result. □ 

Theorem 4.4. Let (q n ) C (0, 1) an sequence such that q n — + 1 as n —* oo. Then, 
for every p G N and f G C* [0, oo), we have 

lim \\S ntP!gn (f,x) - f(x)\\ p = 0. 
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Proof. From Lemma 1.1, it is obvious that \\Sn,p,q n (eo-,x) — l||p = and \\S n ,p,q„(ei,x)- 
x\\ p = 0. For every n > 3 we write 



\S n ,p,q n {e2;x) ~X \\p = Slip 

a;e[0,oo) 



< 



g£[n + p-3] gn g 2 [«-+p- 


— , — x - 
-3k 


-x 2 



sup 



1+.T 2 

x(a; + 1) 



<?r 2 J n + P - 3 k xelo.oo) 1 + x 2 
= o(l). 
Thus, from Theorem 4.1, we obtain desired result of Theorem. 



□ 



Theorem 4.5. Let f G C p [0,oo),(q n ) C (0,1) a sequence such that q n — > 1 as 
n — > oo and wmfc+i] (/, <5) &e its modulus of continuity on the finite interval [0, 6 + 1], 
& > 0. TTien /or every n > 3 and peN, i/iere exists a constant M > s«c/i i/iai 
t/ie inequality holds 

II W/;*)-/Mllc M < m (g^L + ^ + „ (^ a X + -3]J 

Proof. Let a; € [0, 6] and i > 6 + 1. Since £ — x > 1, we have 

|/(*)-/(a0| < M f (2+(t-x + x) 2 +x 2 ) 

(4.4) < 3M/(l + 6) 2 (i-a;) 2 . 
Let x e [0, 6], t < b + 1 and (5 > O.Then, from (4.1), we have 

(4.5) |/(t)-/(a:)|< (l + ^)u [0 , 6+1] (/,*). 
Due to(4.4) and (4.5), we can write 

\f(t) f(x)\ < 3M f (l + h) 2 (t x) 2 + (l + J^l) « [0i6+1] (/, S). 

Then, using Cauchy- Schwarz' s inequality and Lemma 2. 2, we get 
\S n , P ,q n (f\x)- f(x)\ 



"- 3Mf(l + b) 2 S nj>>gn ((t~x) 2 ;x)+uj [0 , b+1] (f:S) 

w[ ,b+i](/;<5) 
j2 . = 46(1 + b) 



< l2M f (l + b) 2 < X+V] 



<&[n+p-3\q n 



l + ^(S n , p , qn ((t-x) 2 ;x)) 
4x(x + l) \ 1/2 



1/2 



5 V9n[n + p-3] qri 



Choosing, 



9 2 [n + p-3] g „ 
and M = min{12M/, 2}. We reach the proof of Theorem. 



□ 



Corollary 4.6. Let a > 0, (g/„) C (0, 1) sequence such that q n — ► 1 as n — > oo ana 7 
/ G C*[0, oo). Then, we have 

lim sup £ - L ; s- = 0. 

™^°° z>o 1 + x 2 + a 
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Proof. For a > 0, / € C*[0, oo) and so. > 0, Considering the inequality 
\Sr bM JJ}x) - f{x) I 

^ IIC f.f ^ JV Ml i \bn,p,q n {J',X)\ \j( X )\ 

< \\Sn,p, qn (f;X) - f(x)\\ciO,x ] + ™p 2+Q + Sup 2+a , 

from Theorem 4.5 we get the desired result. □ 
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NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH 

CATEGORICAL DATA 

HENNING LAUTER AND AYAD M. RAMADAN 



Abstract. Multidimensional scaling is the problem of representing n objects 
geometrically by n points, so that the interpoint distances correspond in some 
sense to experimental dissimilarities between objects. In this paper we consider 
a parametric family of multivariate multinomial distributions. We observe 
realizations w of W with 

w = (hn, ...,h kl ,hi2, —,h kL ). 

Here all frequencies hu arc nonncgative, (hu, ...,h k i) is a realization of Wi 
with 
k 

£>« = h u p(h u ,...,h M ) = "' , pi(M,ti) fe " ■-■p k (n,t l ) h *>. 

£-J h u \ ■ ... ■ h k i\ 

A categorical data is considered. We formulate a problem and find a scal- 
ing for these data. Using a stress function to fit our results we find a good 
configuration for the data. 



1. Introduction 

The traditional methods scaling need knowledge of the dimensions of the area 
being investigated [8]. The central motivating concepts of MDS is that the dis- 
tances between the points representing the stimuli of interest should correspond in 
some sensible way to the observed proximities. With this in mind various authors 
have approached the problem by defining an objective function which measures the 
discrepancy between the observed proximities and the fitted distances [3] . In many 
situations, however, tables of counts resulting from the cross-classification of more 
than two categorical variables are of interest. 

The analysis of three-dimensional tables poses entirely new conceptual problems 
as compared with the analysis of those of two dimensions. However, the extension 
from tables of three dimensions to those of four or more, whilst often increasing 
the complexity of both analysis and interpretation. Much work has been done 
on the analysis of multidimensional contingency tables [1]. Often data sets contain 
categorical data, e.g., levels of factors or names. There does not exist any ordering or 
any distance between these categories. At each level there are measured some metric 
or categorical values. We introduce a new method of scaling based on statistical 
decisions. For this we define empirical probabilities for the original observations and 
find a class of distributions in a metric space where these empirical probabilities can 
be found as approximations for equivalently defined probabilities. With this method 
we identify probabilities connected with the categorical data with probabilities in 
metric spaces. Here we get a mapping from the levels of factors or names into 

Key words and phrases. Multidimensional scaling, stress function, categorical data. 
2010 AMS Math. Subject Classification. Primary 62Hxx; Secondary 62H17, 62H30. 
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points of a metric space. This mapping yields the scale for the categorical data [6]. 
We use a stress function to compare the distances between the given data in any 
dimension and the results in R. 

2. Measure of Similarity and Dissimilarity 

Measures of similarity are often called similarity coefficients, and are some times, 
although not necessary, defined to lie in the range [0,1]. Often the measures of 
(dis)similarity are not observed directly but are obtained from a given (n x p) data 
matrix. Given observations on p variables for each of n individuals or objects, there 
are many ways of constructing an (n x n) matrix showing the similarity or dissimi- 
larity of each pair of individuals, perhaps the most familiar measure of dissimilarity 
is Euclidean distance d rs , such that [7]: 



(2.1) 



v 

rs = I / X x rj ~ x sj) J 

3. Stress Function 



We denote the dissimilarity between objects i and j by 5ij, 1 < i,j < n and 
suppose that Sij — Sji for all i,j. Representing points in R k are collected in n x k 
matrix X = (xi,...,x n )' <G R nxk , called a configuration matrix in what follows. 
dij(X) denotes the distance between Xi and Xj w.r.t. the usual Euclidean distance 
in R k . Fitting distances by least squares means minimizing stress, i.e. 

(3.i) f(x)= y, (%-^-w) 2 

l<«<j<n 

over all configurations X £ R nxk [5\. We observe realizations w of W with 

(3.2) w = (/in, ■■•, h kl , h 12l ..., h kL ). 

Here all frequencies hu are nonnegative, {hu, ..., hki) is a realization of W\ with 
fe 



(3.3) y^/iq = nu P(hu,—,hki) 



■ii, 



i=i 



hu\ ■ ... ■ hul 



Pi{lx,UY u ■ - • Pk(p,tiT kl 



Such observation w can be represented as in Table (3.1). 



Frequencies 


hn 


hi2 


hu 


hiL 




h 2 i 


h.22 


h 2 3 


h 2 L 




hki 


hk2 


hk3 


hkL 


Marginal sums 


h +1 = 77,1 


h+2 = n 2 


h+3 = n 3 ■ 


■ h +L = n L 



Table 1. Structure of observations 



The parameter /j, is a common parameter for all variables W\, ..., Wl and t\ is a 
parameter only for W\. 
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4. Most Separating Scales 

Ahrens and Lauter [2] introduced a method for scaling which bases on a test 
statistic. This will be generalized for higher dimensional g-way classification tables. 
This was considered by Lauter [4] too. We will define scales for the factors on the 
basis of tests. This differs from the approach in the preceding chapter, but it is 
well motivated too. At first we denote the levels of the q factors in an arbitrary 
way by real numbers. The factor % has v^ levels. Then we put r^ for the level j of 
the factor i, all levels are described by 



("Til, ...,Tl Vl , . 



\l 



qv q , 



and altogether we have v — J^ . v t levels. 

Scale points are to be constructed on the basis of the observations. The obser- 
vations are those which are given by the categories and the frequencies. In our 
understanding the categories are identified with points ti, ...,*£ <G R p and these 
points are to be determined in an optimal way. As in the preceding chapter a 
model can be formulated in spaces W for 1 < p < q depending on the specific 
background. The observations express the correspondence to some classes, denoted 
by {yn, ...,ykn k }- Explicitly we have the observations 

{yii,—,yim} = {/in times ii,/ii2 times i 2 , —,/iil times t L ], 

hence we have ri\ = hi+. O r we write 

2/1 j — h,j — 1, —,h\\\y\j — t 2 ,j — hu+1, ...,hn+hi 2 ; ...\yij = t L , j = h 1+ -h XL , ...,h 1A 

In an analogous way we have for the other classes i — 1, ..., k 

Vij = h,j = l,...,ha;yij = t 2 ,j = h il +l,...,h ll +h i2 ;...;y ij = t L ,j = h i+ -h iL ,...,h i+ . 

It holds rii — hi+. For statistical decisions one needs assumptions on the distri- 
butions. Depending on the meaning of the observations we can choose the dis- 
tributions. Quite often binomial, normal or Poisson distributions are useful, but 
especially in reliability or survival analysis exponential or Weibull distributions are 
to be chosen. Now we derive the criterion for choosing the values r^. 

Assuming that we are given k distributions P$ 1 , ..., P$ k and for each distribution 
P§ i with a density f# t we have a random sample Yn, ...,Yi ni . All random variables 
should be independent. For testing 

(4.1) H:P 6l = ... - Pg k 

against K, that not all distributions are the same, we use the likelihood ratio test. 
The joint density for Y = (in, ...,Yfe„ fc ) is denoted by f-s 1 ,...,s k - As usually the 
LRT is given by 

ip(y) = I if R n (y) := — > c, 

max tf U,...,#{y) 

where c ensures the significance level. The aim is to find such a scale that the 
distributions or here classes can be discriminated as well as possible. Therefore we 
have to determine such a vector r* that maximizes the corresponding test statistic. 
Or we use an appropriate test statistic from an admissible test for H against K. 
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Definition 4.1. If R denotes the test statistic where large values of R lead to the 
rejection of the hypothesis then t* with 

(4.2) R(t*) = max R(t) 

T 

is called a most separating scale. 

5. Model of Normal Distributions 

We assume that 

Yii ■ ■ ■ Yln t 

* kl • • • " knk 

are independent and normally distributed p-dimcnsional random variables, Yy ~ 
N p (fj, i , £). Then we consider the test problem 

(5.1) H : fi 1 = ... = fi k against K : notiJ. 

We denote the sample mean for the ith distribution by yj., i = 1, ..., k, the total 
mean by 

The unbiased estimator for the variance is 

1 k ni 

»=i i=i 
Then 

T ^ = (fe-l)(n-*)p T [ n i{ Y,-Y..rS-\Y,-Y..) 
is approximately F-distributed. H. Ahrens and J. Lauter [2] proposed the approxi- 

91:92 



mation Tq(Y) rj i 7 ^,^ for 



1 (fc -TTJa )p ^ „-(fc-l)p-2>0 

I oo otherwise, 

52 — n — k — p + 1. 
Then an admissible test is given by 
( 5 - 2 ) *(»> = {; Otherwise, ^ > ^'^ 



for the cn-fractile of the F gitg2 -distribution. Especially the normal model will be 
considered later. For testing H against K we use Tg and therefore we use T5 2 for 
determination of most separating scales 

In section 4 the categories were identified by ti, ...,£l and we defined the y^. For 
any ti we find a p x 2/ matrix C; with t; = C/t. Every j/y is one of the values 
Cit, ..., C^r. We assume 



Yij ~ N p (fi t ,T,), i = l,...,fc;j = 1,..., 



77; 



249 



NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH CATEGORICAL DATA 5 

We use 



1=1 



/.= ! 



t=l 1=1 



h t . ■ L = 2. hti — Tit, h.. ■ kL = n. 



Then we calculate 

it 
Vt- 



1 "* 1 

-Y\vte = —(hnd + .-. + htLcAr, 



n t *—! n t 

s=l 



</.. = -\h. 1 Ci + ... + h. L C L )T 



,h t i kh. x htL 



kh. 



)C 1 |...|(---)(; L T,:Ar. 
nt n nt n 



vt- -y~ = ((- 

The test <p in (5.2) is an admissible test for H against K from (5.1) and so we can 
use Tq for finding most separating scales. For calculating this statistic we use 

H :=^Tii(yi. - y..) (y*. - y..) =^ j n i D i TT t D\, 

i=i ' i=i 

TT E E (»» - »■) (w» - »*■) = Z—Z E E hiiFurSFi 



S 



n — k 



i=l 1 = 1 



for 



and 



*ij = Cj-— /mCi + .-. + fciCL 






n — k — p + 1 
(k-l)(n-k)p ^ 

n — fc — p + 1 



^n i ( 2 / i .-y..)^- 1 (y i .-y..) = 



(k — l)(n — fc)p 



tr 






i=l 



(5.3) 
with 



T = 



K 



iD W^Di 



,_ n-k-p + 1 t\^ nD tc-i 

(k-l){n-k)p I ' - ' '" 



fc L 



s = iEE^^ tf « 



i=i /=i 

For a good decision in the analysis of variance it is necessary that the observed 
value of the test statistic is large. Then it is natural to look for such r- values which 
maximize Tq. 

The calculation of these t* is rather difficult. One has to use numerical methods. 
In special cases explicit solutions are given. 
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6. Calculation of Most Separating Scales 

In general one has to use some optimization software for finding a maximal r*. 
We will consider in some detail the special case of normal distributions. In section 
6.3 we considered the statistic Tq is the statistic to be maximized. Up to a factor 
this coincides with 

k 
(6.1) tr(HS- 1 )=T t [%2n i DtS- 1 Di 

i=i 

with 

k L 



s =Aee^-^ : 



n — k 

8=1 1 = 1 



Now we consider q-way classification models and p < q. Then we have the pxv 
matrices Ci, Di, Fu and with H T :— H, S T := S we have 

k 

(6.2) triHS- 1 ) = triHrS- 1 ) = r* [^n^S^A 

i=l 

for 

k L 

(6.3) S T = — EE ft « f «^' 



n — k 

i=l 1=1 



Define 



(6.4) i/,(t, a) := o* [ J] n^S" 1 A 

i=l 

and then t* fulfills 

(6.5) iP(t*,t*) — max^(r,r). 

T 

We see that ^ does not change if r is substituted by Ar for any real A. 
Definition 6.1. r is called a local extremum if 

^i!>((1-\)t + \v,{1-\)t + \v)\x-o <0 WeK p . 

We are interested in characterizing such a local extremum. This gives us the 
next theorem. 

Theorem 6.2. f is a local extremum if and only if a(r) = with 

k 1 k k L 

a(r) := V mDJS^DiT Vn,VV h^S^D^F^S^D.r. 

n K 

i=l i=l j = l 1 = 1 

Proof. We put t\ = (1 — A)r + Xv and obtain 

^ta = v - t a , -^-t a t a | a=0 = (v - t)t 1 + t(v - r)*, 

dA^ = -^(^^JS- 1 
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and consequently 



1 k L 



el 

dA .. .. 

j=i 1=1 



Now we calculate in a direct way 

— rip(T\,Tx)\\=o = 2t;*a(r) 
dA 

and so the theorem is proven. □ 

This theorem gives us a proposal for the calculation of a local extremum. 
Step 1: Find dissimilarity matrix dij(X) for X, where(X is given). Choose an 
initial point To then find <5jj(to). If the stress function f(X) < a tolerance STOP. 
Else go to step 2. 
Step 2: Set w := , } y, Ch(tq) and t\ = (1 — A)tq + Aw for euclidian norm |a(ro)| 

of a(T ). 

Step 3: Determine such Ai that 

iP(t\ 1 ,t\ 1 ) = max7/)(rA,TA). 

Step 4: Set n := r^j and calculate a(ri). Check f(X). In this way we get a 
sequence of 9- vectors to,ti,T2, ... and have 

tp(To,To) < -0(ri,ri) < V(t2,t 2 ) < ... 
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Abstract 
Here we present basic Lp fractional integral inequalities for left and 
right Riemann-Liouville, generalized Riemann-Liouville, Hadamard, Erdelyi- 
Kober and multivariate Riemann-Liouville fractional integrals. Then we 
derive basic Lp fractional inequalities regarding the left Riemann-Liouville, 
the left and right Caputo and the left and right Canavati type fractional 
derivatives. 

2010 Mathematics Subject Classification: 26A33, 26D10, 26D15. 
Key words and phrases: fractional integral, fractional derivative, Hardy 
type inequality, fractional inequality. 

1 Introduction 

We start with some facts about fractional integrals needed in the sequel, for 
more details see, for instance [1], [11]. 

Let a < b, a, b e R. By C N ([a, b]), we denote the space of all functions 
on [a, b] which have continuous derivatives up to order N, and AC ([a, b]) is the 
space of all absolutely continuous functions on [a, b]. By AC N ([a, b]), we denote 
the space of all functions g with g^ N ~^ <E AC ([a, b\). For any a € R, we denote 
by [a] the integral part of a (the integer k satisfying k < a < k + 1), and \a\ 
is the ceiling of a (min{n <G N, n > a}). By L\ (a, b), we denote the space of all 
functions integrable on the interval (a, b), and by L^ (a, b) the set of all functions 
measurable and essentially bounded on (a, b). Clearly, L^ (a, b) C L\ (a, b) . 

We start with the definition of the Riemann-Liouville fractional integrals, 
see [14]. Let [a, b], (— oo < a < b < oo) be a finite interval on the real axis R. 
The Riemann-Liouville fractional integrals /" + / and I"_f of order a > are 
defined by 

(i: + f)(x) = f ±-J\f(t)(x-t) a - 1 dt, (x>a), (1) 
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(4 a -/) (*) 



r(a) 



/ (t) (t - x)"*- 1 dt, 



(x < b), 



(2) 



respectively. Here Y (a) is the Gamma function. These integrals are called the 
left-sided and the right-sided fractional integrals. We mention some properties of 
the operators I" + f and I"_f of order a > 0, see also [16]. The first result yields 
that the fractional integral operators 1%+f and IfjLf are bounded in L p (a,b), 
1 < p < oo, that is 



KV|| p <^ii/n p > \\iu\\ p <K\\f\\ p , 



where 



K 



aT (a) 



(3) 



(4) 



Inequality (3), that is the result involving the left-sided fractional integral, was 
proved by H. G. Hardy in one of his first papers, see [12]. 

In this article we prove basic Hardy type fractional integral inequalities and 
we are motivated by [12], [13], [6], [5]. 

2 Main Results 

We present our first result. 

Theorem 1. Let p, q > 1 such that - + - = 1; c*j > 0, i = 1, ..., m. Let fa : 

(a, b) — > M,be Lebesgue measurable functions so that ||/i|L is finite, i = 1, ..., m. 
Then 



n i 1 ^ 



i=l 



< 



(b - a)-=i 



r / \ 1 / 


1 


/ in \ p f m 


i\ 


p^«i+m(l-p) + l J] r(aj) (p(aj - 


-1) + 1)' 


V i=l J \i=l 


/J 



nii.A 



(5) 



Proof. By (1) we have 



x > a,i = 1, ...,m. 

We have that 



(73./0 (*) = — - / (x t)^ 1 U (t) dt, 

1 ( a i) Ja 



(6) 
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|(i£/i)(*)|< 



1 



r (a.) 7a 
x > a, i = 1, ..., m. 

By Holder's inequality we get 



{x-t) ai - L \fi{t)\dt, 



(7) 



|(C-/0(*)I< 



(.x - t) 



p(a t -l) 



< 

x > a,i = 1, ...,to. 
Therefore 



1 (x-a) (a '~ 1)+ p 



r// 



\fi(t)\ q dt 



\fi(t)\ q dt) , 



(8) 



ni(w*)(*)i p 

»=1 


^ 


1 




. pE < 

(x - a) i=1 


ii+TM(l— p) 


/ m 


r(a 


•>)' 


m 

n (p(«i - 

»=1 


•1) + 1) 


a; e (a, 6). 

Consequently 


we get 











m „6 



„6 / m \ 

/ a (ni( j a+/owr)^< 






(9) 



(x — a) 



P 5D a»+m(l— p) 



m „6 



\i=l 



dx n/ i/^wi 9 * 



(10) 



N P 22 a«+m(l-p)+l / ^ ,. 



(fc-«r a ' ' ( ni:\fi(t)\ q dt 



pE«, + m(l-p) + l Il(r(ai) p (p(ai-1) + 1)) 
1=1 / \j=l 



(11) 



proving the claim. 



We give also the following general variant in 

Theorem 2. Let p, q > 1 such that - + - = l,r > 0; a, > 0, i = 1,...,to. 
Let fi : (a, 6) — > R,be Lebesgue measurable functions so that ||/j|L is finite, 
i = 1, ..., to . 
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Then 



n (c/v 



< 



(b-a) 



J2 ai-m+^ + i 



E a »- 



»=i 



i nrWW«ri) + i)' 



i=l 



mi/* 



(12) 



Proof. Using r > and (8) we get 

\(i:ih){x)\ r < v ^ Y [X ( t a) - / \h(t)\ q dt) , (13) 



and 



l[\(I%.fi){x)\ r < 



Consequently 



1 (x — a) 



r { 12 ai-m+f 



n r M r f fi (p(ai - 1) + 1) 



r n /. i/.wr* 



(14) 



pb / rn \ 



l r I Y2 cXi — m-\- 

fa ( X ~ fl ) dx 



m 

nrw r i( n(p(«i-i)+i) 



(m / -b ^ 

n(/ i/»(*)i 9 ^ 



i=l 
1 \ 1" 



(15) 



(6-o) 



r( 2Z ai-m+f 1+1 



E «* - 



The claim is proved. 



1 Ul T (e*i) (p(a< - 1) + 1) 



(16) 



(m / „ft N 

II (/ i/i(*)i 9 d* 



270 



ANASTASSIOU: FRACTIONAL INEQUALITIES 



We continue with 



Theorem 3. Let p, q > 1 such that - + - = 1; a, > 0, % = 1, ..., m. Let /, : 
(a, &) — > R,be Lebesgue measurable functions so that ||/j|L is finite, i = 1, ..., m. 
Then 



ik« 



< 



I" a,+mfi-l) + i 

(6-a)«= 1 



r 1 


-i 


/ m \ p / m 


A 


p £ «i + "» (1 - p) + 1 11 r(a0 (p(a» - 


-i) + l)M 


V »=i / \i=i 


/J 



mi/* 



(17) 



Proof. By (2) we have 



(«) (*) = 



r(ai) 



(t-xf^fi^dt, 



x < b,i = 1, ..., m. 
We have that 



(18) 



|(/£/0(*)|< 



1 



r(a 4 ) 

x < 6, i = 1, ..., m. 

By Holder's inequality we get 



(*-»r _1 i/i(*)idt, 



(19) 



!(«)(*)!< 



1 



(t-x) 



p(ai-l) 



< 
X < 6,i = 1, ..., 771. 

Therefore 



r> 4 ) 

1 (&-x)"'~ 1+ p 
r ( a (p(ai- !) + !)* V^ a 



ill 



\fi(t)\ q dt\ (20) 



\fi(t)\ q dt) , 



(21) 



n !(«)«< 



(6-x) '=! ; 



i=\ 



P m 

n 



nr(oi) n(p(«<-i)+i) 



n/ i/*wi 9d * 

*,-l) + l) V=i ja / 



x <G (a, 6). 



(22) 
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Consequently we get 



(n 1(^-/0 (*)r)^< 



vuv 



77/ 



nr(ai) n(p(ai-i) + i; 



(b-x) i= 



P 5Z a«+m(l— p) 



Vi=l 
m »6 



dxj fny a I/* (*)!'*) (23) 



V Yl a t +m(l-p)+l / m , 

(6-a) - ( II £l/< (*)!'* 



pEa, + m(l-?) + l Il(r(ai) P (p(«i-l) + l)) 
i=i / \i=i 



(24) 



proving the claim. 



It follows 

Theorem 4. Let p, q > 1 such that - + - = l,r > 0;a» > 0, i = l,...,ra. 

Let /i : (a, 6) — > R, fee Lebesgue measurable functions so that ||/j|| is finite, 
j = 1, ..., m. 
Then 



ik« 



J2 ai-m+^ + i 



< 





(b 


-a)^ 






( r (fi ai " 


~™+j] 


1-)' 


/ m 

n r («i) (p(«i - 


-i)+i)') 



iiii/i 



(25) 



Proof. Using r > and (21) we get 

K^/o wr< w 1 ^^T 1 ^ (f h \.hit)\ q dt 



r(a,) r (p( ai -l) + l)' 



and 



(26) 



ni(^/o(*)r< 



1 (b-x) 



r [ Y2 a» — m+* 



m / r b 



n 

Vi=l 



n r («i) r n (p(«i - 1) + 1) 



rr n / l/i(*)l'dt 

rD + ll'W^ 



(27) 
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Consequently it holds 






l r [ Y^ ai—rn-\- 

fjb-x)^ p Jdx 



nr(«,r n(p(«i-i) + i; 



i=l 



(m I „b \ 

U[J a \fdt)\ q dt 
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(b-a) 



r \ Y. Oii-m+!^ 1+1 



/ | £ on - m+ f 1 + 1 1 I n r (ai) (Kai - 1) + 1) 



(29) 



(TO / /■& \ 9 



The claim is proved. 



We need 



Definition 5. ([14, p.99])The fractional integrals of a function / with re- 
spect to given function g are defined as follows: 

Let a, b G R, a < b, a > 0. Here <? is an increasing function on [a, b] and 
g G C 1 ([a, 6]). The left- and right-sided fractional integrals of a function / with 
respect to another function g in [a, b] are given by 



(4 Q +; S /) (*) 



(4%/) (x) 



g'(t)f(t)dt 

r(a)J a {g(x)-g(t)) 1 - 



g' (t) f (t) dt 



r(«)y, (5(t)-s(x)) 



1 — a ' 



x > a, 



x < b, 



(30) 



(31) 



respectively. 
We present 

Theorem 6. Let p, q > 1 such that - + - = 1; a, > 0,i = 1, ...,m. Here 
a, fe G R and strictly increasing g with /"+.„ as in Definition 5, see (30). Let 
fi : (a, b) — > R, be Lebesgue measurable functions so that H/iH^ /„) is finite, 
i = l, ..., m. 

Then 



n vO ;s /<: 



< 



l p(si) 



E «i+TO(i-l) + | 



(<?( 


b)-g(a))^ 




/ m 


\ P ( TO 

-P) + l) (nr(ai)(p(ai- 


-1) + 1)') 



mi/' 



»llL,(fl) 



\i=l 



(32) 



Proof. By (30) we have 

(Ial-Ji) (X) = 



g'(t)fi (t) 



T(a t )J a {g(x) - g(t)y-° 



dt, 



(33) 
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x > a,i = 1, ...,m. 

We have that 

\{I%.Ji)(x)\ < -j— f \g(x)-g(t)r- 1 g'(t)\f i (t)\dt 

1 \ a t) Ja 

= ^ f X (g(x)-g(t)r- 1 \f i (t)\dg(t), (34) 

"(a*) Ja 

x > a,i = 1, ...,m. 

By Holder's inequality we get 



| (I^.ji) (X)\ < ^ (£ ( 5 (X) - Sti))^- 1 ' rf 5 (i)) P (£ |/, (i)| 9 dff(t)) 



^ ^"^T l/ I/* («)!«*(*) I (35) 

r K) (p( 0j -i) + i)p \/a / 

- ' <9W -*»°^ll/,ll l , M . (36) 



r (^) (p( ai -l) + l)P 



x > a,i = 1, ...,m. 
So we got 



|/ra 4 Y-WM/ (5(a;) - 5(a))"* 1+p , m , /,-x 

\{I a +.Ji) (x)\ < — — x 11/iHi,^) , (37) 

r(ai)(p(ai- l) + l) p 



x > a, i = 1, ...,m. 
Hence 



m , . . . . ,P £ a.+™(l-p) m 

n 1 (%/o « < y g) - g(o)),=i n \\m M . (38) 

i=i n (r (ai) p (p(oi - 1) + 1)) i=i 

1=1 



a; e (a, 6). 

Consequently, we obtain 



r b ( m \ II 11/^111,(9) la (5(^)- 3(a)) ,=1 <fc(a;) 



n(r(«,fW«,-i) + i)) 

i=l 
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n 



\Ji\\l 



L q (g) 



_(r( ai ) P (p(ai-l) + l)) 

proving the claim. 



P Yl a i +m(l— p) + l 

(9(b) -9(a)) '=• 



i=l 



(39) 



We also give 

Theorem 7. Let p, g > 1 such that - + - = 1; ctj > 0, i = 1, ..., m; r > 0. 
Here n,(iel and strictly increasing 5 with /"+•„ ^ m Definition 5, see (30). 
Let fi : (a,b) —¥ R, be Lebesgue measurable functions and \\fi\\ L i„\ is finite, 
i = 1, ...,m. 

Then 



n ( 7 ^: 



< 



Y" oti—m-\ 

(g(b)-g(a))^ 



Ms) 



J2 a i~ 



1) ( n r(o<) (p(oi - 1) + 1)» 

1,1=1 



n»/. 



»IIL,( S ) 



Vi=l 



Proof. Using r > and (37) we get 

ICr«i fW ^ r ^ (ff( x )~ff( a ))^"'~ 1+ ^ 11 fir 
H.-'o+ifl/ij W| - ^77^77777 777771" H^Ms) ' 



r(ai) ' (p(ai-l) + l)p 



and 



ni(c/owr< 



(p(») - ff(a)) 



r I X] a i _m 4 



Iir(ai)(p(ai-1) + 1)» 

j=i 



n 11/. 



x e (a, 6). 

Consequently, it holds 



(40) 



(41) 



'"Ms) ' 



(42) 



/■6 m 

2—1 



/^(x)-^))'"^ """^"^^) 



II r(a0(p(ai-l) + l)» 

»=1 



10 
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nil/' 



L q (g) 



(43) 



(9(b)- g(a)) ^ "J nil/ilko,) 



S«j- 



rn - 



The claim is proved. 



1) ( 11 [T(a l )(p(a l -l) + iy 1 



(44) 



We continue with 

Theorem 8. Let p, q > 1 such that - + - = 1; a^ > 0,i — 1, ...,m. Here 
a, fe G R and strictly increasing g with /£** as in Definition 5, see (31). Let 
fi : (a,b) — > R, be Lebesgue measurable functions and H/iH^ /„) is finite, i = 
1, ..., m. 

Then 



IT fe./< 



E ««+™(£-i)+£ 



< 



l p(s) 



(5( 


6)- ff (o))^ 




/ m 

p^as+mtl- 

V »=i 


\ p / m 

-p) + i) [ nr(oi)(p(ai- 


-1) + 1)') 



n«/. 



*HL,( fl ) 



(45) 



Proof. By (31) we have 



fa'"*) <*> - f^ 



<?'(*)/* (*) 



(ai)ix (flW-ffW) 1 "" 



-di, 



(46) 



< 6, z = 1, ..., m. 
We have that 






(V-J<) (*) 


< i r 




i r 6 

/ iWfl 


w \ / Iff W 

r(ai) y x 


<b,i = 
ByHol 


l,...,m. 

der's inequalil 


;y we get 



(ff(t)-ff(a:)r-V(*)l/i(t)|dt 



(9(t)-9^)r^\.n(t)\dg(t), 



(47) 
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(C w /i) (*) 



< 



1 



" (g(t) - g{x)f^- l) dg(t)) ' ( f h \h (t)\ q dg(t) 



< 



r(^) \J X 

1 (g(b) - gjx))^-^ 



l/i(t)| 9 dff(t) 



1 (g(6)-g(x)) 



(Ji-l+i 



r(ai) (p( a ._i) + i)p 



I ll/illi,(g) 



x < 6,i = 1, ..., m. 
So we got 



^; 9 .A) (*) 



^ (g(b)-g(x)r- 1+ ^ 
" r(oi)(p(oi-l) + l)» 



Ms) 



x < 6,i = 1, ..., m. 
Hence 



nlfe^)( 



i=\ 



V J2 a«+m(l— p) 

% (g(fe)-g(a;)) ' =1 TT||/, I|P 



n(r( a ,f( P (a,-i) + i)).=i 



Ms) 



x e (a, 6). 

Consequently, we obtain 



(48) 
(49) 



(50) 



(51) 



„b I m 



l fn|( j 6"Vi)wrj^(*)< 



m / . p V ai+mfl-p) 

nn/iiiU)U^)-5(*)) h m*) 

m 

n(rW p ««,-i) + i)) 

1=1 



n 



\f\\ p 

\Ji\\L 



Ms) 



_(r(ai) p (p(ai-l) + l)) 

proving the claim. 



P y^ c«i+m(l— p) + l 

(5(6) -g(a)) <=' 



?E a > + m(l -p) + 1 

i=l 



(52) 



We also give 

Theorem 9. Let p, q > 1 such that i + i = 1; a,i > 0,i — l,...,m, r > 0. 
Here a, 6 G R and strictly increasing g with /"* as in Definition 5, see (31). 
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Let fi : (a,b) — *• M, be Lebesgue measurable functions and ||/i|| L r„\ is finite, 
Then 



i = l, ..., m. 



II fe s /< 



< 



Ma) 



(g{b)-g(a))ti * " 



Ea 4 -m+^J+lJ (nr( a! )(p( a! -l) + l)f 



mi/. 



'"Ms) 



Vi=l 



Proof. Using r > and (50) we get 



(£V<) (*) 



r (g(b) - g{x)y^- l+1 *) 



< 



r (oi) r (p(oi - i) + 1)* 



f-ir 



Ms) 



and 



(53) 



(54) 



nlfe./<)(*) 



< 



(<?(&) - g{x)) 



rl X] a i~ m 4 



II (r(ai)(p(oi-l) + l)' 

i=l K 



n»/. 



»"Mfl) ' 



(55) 



a; G (a, 6). 

Consequently, it holds 









II r(ai)(p(ai-l) + l)» 



mi/ 



»HL 9 ( fl ) 



(56) 



( 5 (6) - 5 (a)) U ' [ n 11/illL.o,) 



'• lEoi-m+^l+ll I J] ( T (a,) (p(oi - 1) + l)i 



(57) 



The claim is proved. 



13 



279 



ANASTASSIOU: FRACTIONAL INEQUALITIES 



We need 

Definition 10 ([13]). Let < a < 6 < oo, a > 0. The left- and right-sided 
Hadamard fractional integrals of order a are given by 



(Ja+f) (X) = 



1 



I» 



In 



•'■ \" 1 f(y) 



dy, x > a, 



(58) 



and 



WM-mf m W 



f(y) 
y 



dy, x < b, 



(59) 



respectively. 

Notice that the Hadamard fractional integrals of order a are special cases of 
left- and right-sided fractional integrals of a function / with respect to another 
function, here g (x) = In a; on [a, b], < a < b < oo. 

Above / is a Lebesgue measurable function from (a, b) into R, such that 
(J« + (l/D) (*) and/or (j«_ (|/|)) (x) € K, V x e (a, b) . 

We present 

Theorem 11. Let p,q> 1 such that - + - = l;«j > 0, i = 1, ...,m. Here 
< a < b < oo, and </"_j_ as in Definition 10, see (58). Let fa : (a,b) — > K, be 
Lebesgue measurable functions and ||/j|| r ,,_■> is finite, i = 1 m 

Then 



n w/o 



< 



M*)) 



E«,+m(i-l) + 



i_i1_i_I 



Lp(in) 



P 2 "i +m(l -p) + 1 



I! (r( ai ) (f>(^ - 1) + 1) 



n»/. 



*llL,(ln) 



(60) 



Proof. By Theorem 6, for g(x) = In a;. I 

We also have 

Theorem 12. Let p, q > 1 such that - + - = 1; a* > 0, i = l,...,m;r > 0. 
Here < a < & < oo, and J™1_ as in Definition 10, see (58). Let /$ : (a, 6) — *• M, 
be Lebesgue measurable functions and ||/i|| L n n \ is finite, i = 1, ...,m. 

Then 



n oa/*: 



< 






L r (ln) 



J2 « t - m + 



1) II r(a0(p(ai-l) + l)i 
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nii/iii 



L q (ln) 



(61) 



Proof. By Theorem 7, for g(x) = hix. 
We continue with 

Theorem 13. Let p,q > 1 such that 



v g 



— l;oii > 0,i = l,...,m. Here 
< a < b < oo, and J^_ as in Definition 10, see (59). Let /, : (a, b) — > R, be 
Lebesgue measurable functions and H/iH^ n n \ is finite, i = 1, ...,m. 
Then 



n c^-i/o 



< 



M!))" 



E Qi +m(i-l) 



i ii i i 



L p (ln) 



in \ v i in , 2 s 

E<»i + m(l -p) + lj ( n (r(ai) (p(aj - 1) + I)*) 



mi/. 



*llL,(ln) 



(62) 



Proof. By Theorem 8, for g(x) = ln.x. ■ 

We also have 

Theorem 14. Let p, q > 1 such that - + - = l;a»>0,i = l,...,m;r>0. 
Here < a < 6 < oo, and J^i as in Definition 10, see (59). Let fa : (a, b) — *• R, 
be Lebesgue measurable functions and ||/i|| L n„\ is finite, i = 1, ...,m. Then 



n(« 



< 

L r (Zn) , .. 



(Ml))- 



22 «i-T 



E a * - 



i) (ninaocpcoi-ij+i)' 



mi/> 



*lli,(/n) 



(63) 



Proof. By Theorem 9, for g(x) = hue. ■ 

We need 

Definition 15 ([16]). Let (a, 6), < a < 6 < oo; a, a > 0. We consider the 
left- and right-sided fractional integrals of order a as follows: 
1) for r/ > — 1, we define 



(£+;*,„/) (*) 



(a+r,) r* t a7 l+°- l f(t)dt 



r(a) 7 a (^-t-) 1 



(64) 
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2) for r\ > 0, we define 






(65) 



These are the Erdelyi-Kober type fractional integrals. 
We present 

Theorem 16. Let p, q > 1 such that - + - = l;«j > 0, i = 1, ...,m. Here 
< a < b < oo, cr > 0, 77 > — 1, and I"^_ is as in Definition 15, see (64). 
Let fi : (a,b) — >• R, be Lebesgue measurable functions and ||z'"'/i(:E)|| L /.,.<,) is 
finite, i — 1, ..., m. 

Then 



[] (V^^ fe^/i) (*) 



II (r(ai)(p(ai-l) + l) 



M* a ) [ p £ a, + m(l -p) + l 



nii^/i^iL^) ■ w 



\i=l 



Proof. By Definition 15, see (64), we have 



ra-"< a -+''» r t ar ' + ' T - 1 fi (i) di 
r(ai) 7„ Or--*-) 1 






x > a. We rewrite (67) as follows: 

Li(/i)(x) := ^'^(^/iK*) 



r (a,) y a 

and by calling Fu(t) = f 71 " 1 f i (t) 1 we have 

1 



' ' (s'-tT 4-1 ^ (*))<***> (68) 



\a«-l 



MM*) - ^7—, / 0* - O* F u (t)dP, (69) 

r (ai) J a 



i = 1, .... m, x > a. Furthermore we notice that 



L, ..., II tl, 



i = 1, ..., m, x > a. 

So that now we can act as in the proof of Theorem 6. I 
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We continue with 

Theorem 17. Let p, q > 1 such that - + - = 1; a, > 0, i = 1, ...,m, r > 0. 
Here < a < b < oo, cr > 0, 77 > — 1, and i"_j_. CT „ is as in Definition 15, see (64). 
Let fi : (a,b) -» M,be Lebesgue measurable functions and ||£'" ? /t(aO|| i ,„-, is 
finite, i = 1, ..., m. 

Then 



[] (V^^ (J&^/i) (*) 



»=i 



< 



22 a«— r 

(6 CT - o ff )'=i 



L r (K") 



/• I £ ai - m + f ) + :i 



II (T{ai)(p(ai-1) + 1)' 

8 = 1 



flll^/i(«)|| L , (x0 



(71) 



Proof. Based on the proof of Theorem 16, and similarly acting as in the 
proof of Theorem 7. ■ 

We also have 

Theorem 18. Let p, q > 1 such that - + - = 1; a, > 0, % — 1, ...,m. Here 
< a < 6 < 00, cr > 0, 77 > 0, and I"i. ari is as in Definition 15, see (65). Let 
fi : (a, b) — ► R, be Lebesgue measurable functions and ||a; _0 '^ +a ^/i( a; )|| i (•<*•) 
is finite, i = 1, ..., m. 

Then 



m 

n (^ (#w*) w) 

i=i 



< 



L p (x") 



J2 a,+m(i-l)+i 



pE a ' + m(l -p) + 1 
»=i 



n (r(^) (p( 

S=l V 



ai -i) + i)- v< 



ni 



-<r(?7+a;) 



A(»; 



Z,„(x<0 



(72) 



Proof. By Definition 15, see (65) we have 

{h-,,, v fi)W- r{ai) J x {t „_ x „f- ai ■ 

x < b. We rewrite (73) as follows: 



(73) 
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^r I {t a - x*)**- 1 (t-^+ai) f. ( t) ) 



r \<^i) j x 

and by calling F 2l (t) = r a ^ +a ^ /;(£), we have 



dl" 



(74) 



L2(fi)(x) = —^ f {t° - x^- 1 F 2i [t)dt" , 
z = 1, ..., m, x < 6. Furthermore we notice that 



(75) 



IM/i)(aO| < 



1 



(e- x °r- l \F 2i (t)\dt°, 



(76) 



r(aj) 

j = 1, ...,m, x < b. 

So that now we can act as in the proof of Theorem 8. I 

We continue with 

Theorem 19. Let p, a > 1 such that - + - = 1; a, > 0, i — 1, ...,m, r > 0. 
Here < a < 6 < oo, er > 0, r? > 0, and 1^1. a „ is as in Definition 15, see (65) Let 
fi : (a, 6) — > E, be Lebesgue measurable functions and ||a;~ '( ,?+a< )/i( a:; )ll r i <m 

II II L q {x ) 

is finite, i — 1, ..., m. Then 



II (*"" (C; CT „/i) (« 



< 



t r (l») 



(b° - a°>=i 

m 

; | J2 a i — m + 



n(r( ai )(M^-i) + ip)) v* 



ni 



-<r(rj+ai) 



/i(»; 



L q {x") 



(77) 



Proof. Based on the proof of Theorem 18, and acting similarly as in the 
proof of Theorem 9. ■ 

We make 

N 

Definition 20. Let n (o», &») C R N , N > 1, a» < 6;, a,, 6 4 e E. Let a, > 0, 

i=i 

j = 1, ...,JV; /eli II (a»A) L and set a = (oi,— ,ajv) , & = {h,...,b N ), 

a = (ai, ...,ajv), a; = (»i, —,a;jv) , t = (*i, ••-,*A f ) • 

We define the left mixed Riemann-Liouville fractional multiple integral of 
order a (see also [15]): 



(4V) (*) 



1 fll /-XiV N 

"jv / ••• / n(#»-*i) Q<-1 /(*i)"->*Jv)dti-"dtf.N-, 

j]r(a,) "' ajv <=1 



(78) 
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with Xi > a,i, i = 1, ..., N. 

We also define the right mixed Riemann-Liouville fractional multiple integral 
of order a (see also [13]): 



(IU) (x) := 



1 



iv 



6i r b N N 

J\ {U - x l ) a ^ 1 / (ii, ...,t N ) dti...dt 



N, 



nr(«,) Jl XN i=1 



(79) 



with Xi < bj, i — 1, ..., N 



N 



Notice J° + (|/|), J£_ (|/|) are finite if / e L TO ( f[ (oi,& 

We present 

Theorem 21. Let p, <? > 1 such that - + - = 1. Here all as in Definition 

N 

20, and (78) for J° + . Let /, : J] (<*»,&») -> K , J = l,-,m, such that fj e 

/ N 

L q II (a»,b») 
Then it holds 






p,n(<»<.6i) 



N 

?=i 



(6 i -a i )W(^- 1 )+^)+^) 



(m (p (ai - 1) + 1) + 1) »( r(a0 (p(a 4 - 1) + 1) ' 



mi/, 



5, IT. (<*><><) 



(80) 



Proof. By Definition 20, see (78), we have 



(is+fj) (x) = — ^ — f ' ... f N f[(xi - u^- 1 fi (h, ...,t N )dh...dt N , 

rr r(n,A Jai JaN »=i 

(81) 



nr(a0 

1=1 



furthermore it holds 



Kiz+fi) Mi < - — / ... / n(x i -ur- i \f J (t 1 ,..,t N )\dt 1 ...dt 

nr( a ,) ' N * =1 



N 

j = l,...,m, x <E J] ( a ^ & i 
i=i 



(82) 
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By Holder's inequality we get 



|(4 a +/,) (s)| < ^ / ••• / \{(x l -Uf^- 1) dt 1 ...dt N 

I]r( Qt ) \ ai aN <=i * 



Xl (*XN 

\f j (h,...,t N )\ g dt 1 ...dt N ) (83) 



<^ ({[(P^-kT^duY) I L \f 3 (t)\ q dt) (84) 



__^, n , (^-a i )^- M ^ _ (g5) 



nr( 



(•(:; 



\i=l 



(p(ai-l) + l)" // |n(«.w 



Hence 

AT 

-J -( 

N 



ni(4v,-)(*)r< , mP m ; *> n * 

nr(a.) W(p(«i-i) + i)*. 



n /« i/»(*)i'* ' (86) 

n (oiA) 



TV 

for x G J] (a 4 ,6j) . 

i=\ 

Consequently, we get 



Y[Wa+f]){x)\ P dx< 

n («i,6i) f=i 



n \u \fj(t)\ q dt 

N \ mp / N 

nr(ai) n (p(«i- i)+i) 

j=l / \i=l 



/„ n(^-^) m(p(ai " i)+i) ^i- d ^) ( 8? ) 



n(«i.bi)i=l 
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l\ { (m (p (a, - 1) + 1) + 1) (r ( a ,) P (P (a< - 1) + 1))' 



n 

i =1 



n(aiA) 



l/i(*)l'dt 



proving the claim. 



(88) 



We have 

Theorem 22. Let p, g > 1 such that - + - 



p i 



N 



Definition 20, and (78) for 7° + . Let fj : J] («»,&» 



1; r > 0. Here all as in 
R, j = 1, ...,m, such that 



i=l 



JV 



Then 



ii^+/j 



j=i 



N 

<n 



(irflijWM^H) 



\ 



, fi (»i,6i) J=1 V ( mr ((^ - x ) + 1) + ^ P T ^ m M a * - l ) + l ) p I 



mi/. 



9,n(««.bi) 



(89) 



Proof. We have 



(I^+fj) (x) = -^ f * ... f N f[(xi - ur l fj (ti, ...,t JV )dti...dt JV) 



nrw 



(90) 



furthermore it holds 



1 /-iEl px N N 

(is + fi){x)\ < -a — / - / n(xi-ur- i \f J (tu..,t N )\dt 1 ...dt N , 



nn 



?=1 

N 



j = 1,...,TO, X e II ( a iA 

1=1 



(91) 
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By using (85) of the proof of Theorem 21 and r > we get 



ni(4v,)(-)r< 



i 



* // ^K-l)+i ; ^^ mr 



i=i 



JV 

nrw 

i=l 



n 



(a;, - ai) 1 



(p(aj-l) + l)» 



j=i 



ni /« \fAt)\ q dt 



n (ai,6i) 



A r 



for x € n («j>^) • 

Consequently, we get 



(92) 



/m 
ni( j aVi)wr^ 



J=l \ I! (ai,bi) 



< 



N 



N 

Iir(aO 



AT mr 

n(p(^-i) + i)- 



TT (^ - a * 
n(o*.6i)j=i 



AT 

n 



™r((a 4 -l)+i) rfa , 

(6,- a4 r r((as ~ 1)+ ^ +1 



(mr ((a, - 1) + i) + l) T (a t ) mr (p (a t - 1) + 1)"? 

m 

n «/i 



u'=i 



9,nK,M 



(93) 



(94) 



proving the claim. ■ 

We also give 

Theorem 23. Let p, q > 1 such that - + - = 1. Here all as in Definition 

TV 

20, and (79) for Ig_. Let f 3 : EI (°»>&») -► K, j = l,...,m, such that /j e 



j = l 



L ? f n k,^) ] • 

Then it holds 



n« 



j'=i 



p,n<«.A) 



N 
i=l 



/, .( m (( Q4 _l)+i) + i) 



(m (p (oi - 1) + 1) + 1) ' ( r(a0 (p(o< - 1) + 1) ' 
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nn/,ii « J- (95) 

Proof. By Definition 20, see (79), we have 



1 z^i /*6jv ■"' 

(ISLfj)(x) = - / ... / Y[(t i -x i ) at - 1 f j (ti,...,t N )dti...dt N , 

nr(ai) X1 xw * =1 

(96) 
furthermore it holds 



1 /*6l /*&JV -^ 

|(/?_/i)(*)|<^ / ... / Y[(U-x i ) a, - 1 \f j (ti,...,t N )\dt 1 ...dt N , 

nr(a t ) Jxi Jxn <=i 

»=1 

(97) 

AT 

j = l,...,m, x € I] (a»>&») • 
i=l 
By Holder's inequality we get 



1 / fbi rb N N N 

i(/?_/i)(x)i < ^ — / ... / n^-^) ^-^ 

nr(a.) \ Jxi Jxn <=i 



6l /.fejv \ 9 

... / !/,-(*!, ...,tj V )|*dti...dti V (98) 

xi J x N J 

N ( r b i 



< -^ INI/ (U- Xi ) p{ai - l) dU 



— n /'& 

nr(a0 V=i v*« 

i=l 



l/j(*)l 9 d* (99) 



j_/ r gAft.-^) (a '- 1)+ '' 



nr( a ,) V"i V(p(oi-i) + i) 5 

1=1 
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\fj(t)\ q dt] . (100) 

n>iA) 



Hence 

ni(^/j)wr< /jv vw n ( r;) 



A' 

n 

?=i 



nr(oi) \i=i(p(oi-i) + i) F 



n( /« i/,-(*)i'dt , (ioi) 

11 (a,,&i) 



AT 
for X E J] («»>&») ■ 

Consequently, we get 



/m 
nWi),=i 



n k , \fj(t)\ q dt 

AT \ m P/N 

nr(ao n (p(«i -i)+i) 



/« n ( 5 » - **) 

wn(a„6,) i= i 



m(p(a '- 1)+1) dii-dajiv (102) 



AT / „ _ . m ( p ( Q< _l)+l) + l 

2 (^ (m (p ( a . _ l) + i) + i) ( (r {on)? (p (a, - 1) + l)) r 



n /« I/.- (*)!'* . ( io3 ) 

j=i V"' n («i>b«) 



proving the claim. 



We have 

Theorem 24. Let p, g > 1 such that - + - = 1; r > 0. Here all as in 

AT 

Definition 20, and (79) for I"_. Let /j : Y[ ( a i,bi) —> K, .7 = 1, ...,m, such that 

i=i 

/AT 

/j ei s n («»>&», 
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Then 



3=1 



r.FKoi.bi) 



N 



(6i _ a .)W(«-i)+l)+i) 



(mr ((a, - 1) + ±) + l) r I>,) m (p(oi - 1) + 1) ' j 






(104) 



Proof. We have 



i /■i>i /■6jv " 

J SLfj) (*) = -a / •••/ Y[(t i -x i ) ai - 1 f j (t u ...,t N )dt 1 ...dt N , 

n rtrvA Jxi Jxn i=i 



nr(oi) 

8 = 1 



(105) 



furthermore it holds 



|(/?-/i)(*)|< 



i /-6i /-6jv N 

~n / ••• / Y[(U- x i ) ai ~ 1 \fj(ti,...,t N )\dt-L...dt N , 

I]r(«,) Jl1 Jxn *=i 



i=l 



A 



j = l,...,m, x e J] (di,bi). 
1=1 
By using (100) of the proof of Theorem 23 and r > we get 



ni(/?_/i)(x)r< 



i 



i=i 



AT 

nr<«, 

i=l 



/ JV 

n 

\i=l 



i (p(a i -l) + l)-. 



(106) 



n 



n (<>i,6i) 



l/i(*)l 9 dt 



A 



for x e II KA) • 

Consequently, we get 



(107) 



■'n(«*.»of=i 



1/j) (x)| r dx< 



i 



n /~ j/i(*)i'd« 

j=i \ n (<n,6< 



nrw 

i=l 



AT 

I] (p(a 4 -1) + 1) 

i=l 



2f> 
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N 

n 



N 

\\{b^x^ mr ^- 1)+ ^dx\ (108) 



Li \ (mr ((a, - 1) + ±) + l) T (a t ) mr (p (a* - 1) + 1)^ 



n^'u <„,,,, I <™> 



proving the claim. 



Definition 25 ([1], p. 448). The left generalized Riemann-Liouville frac- 
tional derivative of / of order /3 > is given by 

Dif (*) = j^ (£) " f (* - ,)"" ^ / (y) dy, (HO) 

where n = [j3] + 1, x G [a, 6] . 

For a, b G R, we say that / G L\ (a, b) has an L^ fractional derivative D@ f 
(0 > 0) in [a, b], if and only if 

(l)^- fe /GC([a,6]),fc = 2,...,n-[/3] + l, 

(3)D^f€L 00 (a,b). 

Above we define L>°/ := / and D~ & f := I d a+ f, if < 5 < 1. 

From [1, p. 449] and [11] we mention and use 

Lemma 26. Let f3 > a > and let / G Li (a, 6) have an L^ fractional 
derivative D%f in [a, b] and let £>£" fe / (a) = 0, k = 1, ..., [/3] + 1, then 

BZf(x)= * f {x-yf- a - l Dtf{y)dy, (111) 

r (P - a) Ja 

for all a < x < b. 

Here £>£./• G AC ([a, b}) for f3-a > 1, and D°/ G C ([a, &]) for /?-a G (0,1). 
Notice here that 



D 



:/W=(CK/))W. a<x<6. (112) 



We present 



Theorem 27. Let p, q > 1 such that - + - = 1; fa > oti > 0, % = 1, ..., m. 
Let /, G Li(a,b) have an L^ fractional derivative D^ fi in [a, 6] and let 
Dfr- k >f i (a) = 0,k i = l,...,[(3 i } + l. 

Then 



2G 
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IlW/i) 



< 



(b-a) 



^( / 8 i _a i )+m(i-l) + l 



?E (ft - a») + m (1 - p) + 1 

i=l 



EI r (ft - ai) (Kft - Oi - 1) + 1)' v 



nii^*/*n. 



(113) 



Proof. Using Theorem 1, see (5), and Lemma 26, see (112). ■ 

We also give 

Theorem 28. Let p, q > 1 such that - + - = 1; r > 0, ft > a, > 0, i = 
1, ...,m. Let /j G Li (a, 6) have an Loo fractional derivative Dg'fi in [a, 6] and 
letD£*- fc '/ i (o) = 0,fc i = l,...,[ft] + l. 

Then 



iiw/i) 



< 



(6 -a) 



E(ft-«i)-™+? +? 



£(ft-a,)-m+f |4l 
1=1 



II r (ft - a,) (p(ft _ a* - 1) + 1)' v 



nw*ii, 



(114) 



Proof: Using Theorem 2, see (12), and Lemma 26, see (112). ■ 

We need 

Definition 29 ([8], p. 50, [1], p. 449). Let v > 0, n := |V] , / g AC n ([a, b}). 
Then the left Caputo fractional derivative is given by 



d:j{x) 



T{n-v) J a 



(x - t) n ~ v ~ x f {n) (t) dt 



= (i:^f {n) )(x), 



(115) 



and it exists almost everywhere for x G [a, 6], in fact D" a f G Li (a, 6), ([1], p. 
394). 

We have D" a / = /W, n G Z+. 

We also need 

Theorem 30 ([4]). Let v > p+1, p > 0, v,p <£ N. Call n := |V], to* := \p\. 
Assume / G AC n ([a, b}), such that / (fc) (a) = 0, fc = to*, to* + 1, ...,n - 1, and 
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DU € ico («, 6). Then Df„/ e AC ([a, 6]) (where Df„/ = (C+~'7 (m * ) ) (»))> 
and 



^a/0«0 



•.v-p-1 



r(v-p)Ja 



{ X -tf- p - L D:j{t)dt 



(116) 



Vie [a, 6] . 
We present 

Theorem 31. Let p, q > 1 such that - + - = 1; and let Vi > pi + 
1, ^ > 0, Vi,Pi $. N, i = l,...,m. Call n^ := |~fj~|, m* := [ft]. Suppose 
fi € AC ni ([a, 6]), such that /j *' (a) = 0, ki = m*,m* + l,...,rii — 1, and 

£>ri/ieLoo(o,6). 

Then 



n^-/- 



< 



Z><-P0+m(±-i) + ± 
(6-a)-=i 



" ipE(^-Pi) + ^(i-p) + i 

1 = 1 



nr(i/i-/>i)(p(i/i-/0i-i) + i)' \* 



7Y II PC*", 



(117) 



Proof. Using Theorem 1, see (5), and Theorem 30, see (116). ■ 

We also give 

Theorem 32. Let p, q > 1 such that - + - = 1, r > 0; and let Vi > 

p t + I, Pi > 0, Vi,pi £ N, i = 1, ...,m. Call n, := |Vj~|, m* := [ft]. Suppose 
fi € AC ni ([a, 6]), such that /> *' (a) = 0, ki = m*,m* + l,...,m — 1, and 
DZfitL^i^b). 
Then 



n^*^) 



< 



(6-o) 



^( Vi _p 4 )_ m +m + I 



'■ I £ ("i - Pi) - m + f ) + 1 



rv II PC* 



n r (i/j - ft ) (p(i/i - Pi - 1) + 1) p \i=i 

i=l 



(118) 



Proof. Using Theorem 2, see (12), and Theorem 30, see (116). 
We need 
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Definition 33 ([2], [9], [10]). Let a > 0, n := \a], f E AC n ([a, b}). We 
define the right Caputo fractional derivative of order a > 0, by 



!£_/(*) :=(-l) n J?_-°7 (n) (aO. 



(119) 



we set £>_/ := /, i.e. 



£>"_/ (*) = ^f^r I {J- x)^- 1 & ] (J) dJ. (120) 

F (n - a) y x 

Notice that #£_/ = (-1)" / (n) , n G N. 
We need 

Theorem 34 ([4]). Let f e AC n ([a, b}), a > 0, n E N, n := \a\, a > p+1, 
p > 0, r = |"p], a, p £ N. Assume /^ (o) = 0. k = r, r + 1, ...,n — 1, and 
^L/eLoo([o,6]). Then 



£>£_/(*) = / 6 a _-" (££_/ (*) e 4C([a,6]) 



that 



D: -' l ' , = fi^il ( '-' r '"( It, ) t " 



di, 



(121) 
(122) 



Vie [a, b] . 
We present 

Theorem 35. Let p, q > 1 such that - + - = 1; on > pi + 1, pj > 0, i = 
1, ...,m. Suppose /j e AC™* ([a, 6]), n 4 e N, n, := [a»l, r, = \pi], on,pi g N, 
and /> z) (b) = 0, fcj = rj,ri + 1, ..., rtf — 1, and D^l/i G L^ ([a, 6]) , i = 1, ...,m. 

Then 






(6 -a) 



EK-p,)+m(i-l) + i 



< 



nr(a»- Pi) (p(cn - pi - 1) + l) p 



nta 



(123) 



Proof. Using Theorem 3, see (17), and Theorem 34, see (121). ■ 

We also give 

Theorem 36. Letp, q > 1 such that - + - = l,r > 0; ctj > p,+l, p, > 0, i = 
1, ...,m. Suppose/, e AC™- ([a, 6]), n* € N, n, := [«»], r< = \pi\, a,,pi £ N, and 
f> '' (b) = 0, fcj = rj,rj + 1, ...,ni - 1, and D^l/i G L^ ([a, 6]), i = 1, ...,m. 

Then 
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n fit* 



< 



(b-a) 



J2 {oti-Pi)-r 



r I £ («i " Pi) ~ m + f 



n r (at - a) (p(a 4 -pi-i) + i)>) \i 



nita 



i=l 



(124) 



Proof. Using Theorem 4, see (25), and Theorem 34, see (121). ■ 

We need 

Definition 37. Let v > 0, n :— [v], a := v — n (0 < a < 1). Let 

a, b e K, a < x < b, f e C ([a, b}). We consider C v a ([a, 6]) := {/ <= C" ([a, 6]) : 
/!-«/(») e ^([a.ft])}. For / e C£([a,6]), we define the left generalized v- 
fractional derivative of / over [a, b] as 



A^/:=(/ a 1 ^/(")) / ! 



(125) 



see [1], p. 24, and Canavati derivative in [7]. 
Notice here A»fe C ([a,b]) . 
So that 



Vie [a, 6] . 

Notice here that 



Kf = f {n \ «^+- 



(127) 



We need 

Theorem 38([4]). Let / e C£([a,&]), n = [i/], such that /« (a) = 0, 
i = r, r + 1, ..., n — 1, where r := [p], with < p < v. Then 



(AS/) (*) = 



1 



(x-tJ^-MAS/JWcft, 



i.e. 



I>-p)/„ 

(A:/) = J a 7(AI/)eC([»,6]). 



(128) 
(129) 



Thus/eC£([a,&]) 
We present 



Theorem 39. Let p, q > 1 such that - + - = 1; i/j > p^ > 0, i = 1, ...,m. 

Let /j e C£* ([a,b]), n % = [i/j], such that /> l) (a) = 0, fcj = rj,rj + l,...,m - 1, 
where r* := [pi] , i = 1, ..., m. 
Then 
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Y[( a «m 



(b-a) 



£(„,- w ) +rn (I-l) + I 



< - 

/ m 

i=l 



Yir(vi- pjipivi- Pi -i) + i)p ) \t 



UWK'fi 



(130) 



Proof. Using Theorem 1, see (5), and Theorem 38, see (129). ■ 

We also give 

Theorem 40. Let p, q > 1 such that - + - = 1, r > 0; Vi > pi > 0, i = 

1, ...,m. Let fi e C£« ([a, 6]), n* = [^], such that /> *' (a) = 0, fcj = fj,rj + 
1, ..., Hi — 1, where r, := [pj] , i = 1, ..., m. 
Then 



ii(As*/i 



< 



(&-a)* =1 



E ("* - Pi) 



II r (i/i - Pi) (p(i/j- Pi -i) + i)» 



fin^/* 



(131) 



Proof. Using Theorem 2, see (12), and Theorem 38, see (129). ■ 

We need 

Definition 41 ([2]). Let v > 0, n := [i/], a = i/-n, < a < 1, / e C ([a, 6]). 
Consider 



Cl_ ([a, 6]) := {/ e C" ([a, 6]) : I^/M e C 1 ([a, 6])}. 
Define the right generalized ^-fractional derivative of / over [a, 6], by 

A?_/:=(-l) n - 1 (/ 6 1 r a / (n) )'- 

We set Ag_/ = /. Notice that 

(_!)"-! d rb 



(A L /) ( , ) = A^__£ (J _, r/ (.) (J)rfJ; 



(132) 



(133) 



(134) 



andA£_/eC([a,&]). 

We also need 
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Theorem 42 ([4]). Let / G C£_ ([a,b]), < p < v. Assume /« (b) = 0, 
i = r, r + 1, ..., n — 1, where r := [/?], n := \v\. Then 



K-I (*) = Yt^J) J X {J ~ xr ^ ( A *- f ) {J) dJ ' (135) 



Vie [a, b], i.e. 

and / G C£_ (Ml) 

We present 



A?./ = C(A|;./)eC([a,6]) : 



(136) 



Theorem 43. Let p, q > 1 such that - + - — 1; ^ > ft > 0, i = 1, ...,m. 



Let /, e Cjl ([a, 6]) such that /(* l) (b) = 0, k t = r l ,r l + 1 
Ti := [pi], rii ■- [v>i] , i = 1, ..., ,m. 
Then 



) •••; 'H 



— 1, where 



n <*£./<: 



< 



(b-a) 



£(„ 4 - w ) +rn (I-l)+l 



p p E ("i - Pi) + "» (i - p) + 1 



n r (i/j - ft ) (p(^ - Pi - 1) + 1) p ) \i=i 

i=l 



iik-/< 



(137) 



Proof. Using Theorem 3, see (17), and Theorem 42, see (136). ■ 

We also give 

Theorem 44. Let p, q > 1 such that i + i = 1, r > 0; f; > pi > 0, i = 

1, ...,to. Let /i e C^i ([«,&]) such that /j ^ (6) = 0, fc, = ti,ri + l,...,rij — 1, 
where r 4 := [ft], m := [fj] , i = 1, ..., ,m. 
Then 



IK A ^: 



< 



E><-Pi)-m+f + ± 
(6-a)«=! 



E (^ - Pi) - 



n r (i/i - ft) (p(i/i - ft - 1) + 1) H \i=i 



iik-/< 



(138) 



Proof. Using Theorem 4, see (25), and Theorem 42, see (136). 
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Abstract 

The role of the Difference Calculus, with all its applications to var- 
ious branches of Applied Mathematics, is well established. One of the 
main applications of the Calculus of Differences is to provide meth- 
ods for obtaining solutions to Difference Equations. However, while 
the published research on obtaining approximate solutions to various 
types of Differential Equations is quite extensive, the corresponding 
research for finding approximate solution of Difference Equations is 
rather limited. In this paper we present a method for obtaining ap- 
proximate solutions of the Difference Equation y(x + 1) — y{x) = f(x), 
a < x < oo, by means of an appropriate transformation, for a broad 
class of functions. Using the same transformation, it is possible to ex- 
press in closed form sums of the form X)a=o f( x + ^)» ^ — °°- As a 
characteristic example, the Hurwitz Zeta Function will be considered. 

Key 'words and phrases: Complete monotonicity; difference equation; 
approximate solution; Gamma function; Hurwitz zeta function. 



1 Introduction 

We begin by introducing the i?-transform. 

Definition 1. Let f(x) be a real valued function of the real variable x, 
defined on the interval [a, oo). The function f(x) is assumed to be continuous 
over its interval of definition. Given f(x), we define a new function R±(x), 
named the .R-transform of f(x), by means of the formula 

R{f( x )}:=R 1 ( x ):=±{f( x ) + 4f(x + l) + f(x + 2)}-J X f(t)dt (f.l) 
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Starting with (1.1), we may define a family of functions R,2(x) := R{Ri(x)}, 
i?3(x) := R{R2(x)} and, in general 

R k+1 (x):=R{R k (x)}, fc€N = {0,1,2,...}, (1.2) 

where Rq(x) := f(x). 

Next, we list some basic properties of the R- Transform. 

1. The i?-transform of a function /(x) is a linear transform, i.e. 

{n > n 

J> fc A(x)l= J> fcJ R{/ fc (x)}, (1-3) 

fc=i J fc=i 

where ci, C2, . . . , c„, are constants. 

2. Assuming that /(x) is A times differentiable on [a, oo), then 

^{^} = ^ {/(X)} ' fc ' A = 1 ' 2 '-" (L4) 

3. If i?i(x) = i?{/(x)} and 6 is an arbitrary constant, then (assuming 
x + b belongs to the domain of /) 

R 1 (x + b) = R{f(x + b)}. (1.5) 

The proofs of (1.3), (1.4), and (1.5) stem directly from Definition 1. 
4. 

R^J f(t)dtj=J R{f(t)}dt. (1.6) 

Proof. Let -F(t) be an antiderivative of /(£). Then, by (1.3), (1.4), and 
(1.5) 



R |£ +6 f(t)dt\ = R{F(x+b)}-R{F(x)} = £ +b d{R( f t {t)} dt = £ +b 



R{f(t)}dt. 



5. If f(x) is monotone on [a, oo), then 

\R{f(x)}\ = |i?!(x)| < 2 - |/(x + 2) - /(x)| . (1.7) 

Proof. Let us assume that /(x) is increasing on [a, oo). Then, 

(■x+l 



and 



/(x)< r f(t)dt<f(x+\) 

J X 

/(x+i)< r f(t)dt<f( X +2) 

Jx+l 
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from which, by addition, one obtains 

f{x) + f{x + 1) < f f(t)dt < fix + 1) + f(x + 2), 

J x 

or equivalently, 

-\fix)+ l -fix + l)+ l -fix + 2) > R{fix)} > I/( a; ) + I/( x +l)-|/( a; +2), 
or even, 

? [/(x + 2) - /(x)] > #{/(x)} > -? [/(x + 2) - /(x)] , 

since /(x) was assumed to be increasing on [a, oo). It has thus been proved 
that 

\R{f(x)}\ = \R 1 (x)\<l\f(x + 2)-f(x)\. 

In case where fix) is decreasing on [a, oo), —fix) will be increasing over the 
same interval and (1.7) is readily obtained. ■ 

6. If fix) is positive and decreasing, or is negative and increasing on 
[a, oo), then 

IW(*)}| = |fli(*)|<||/(x)|. (1.8) 

Proof. Assuming that /(x) is possitive and decreasing, then according 
to (1.7) 

\Ri(x)\ < \ |/0r + 2) - /(x)| = 2 -ifix) - fix + 2)) < ?/(x), 

since /(x + 2) > 0, i.e. 

|i?i(x)|<?|/(x)|. 

In the case where /(x) is negative and increasing, —fix) will be positive 
and decreasing, and (1.8) is obtained easily. ■ 

7. If fix) is positive and decreasing or is negative and increasing on 
[a, oo), and if 

lim fix) = 0, 

x— >+oo 

then 

lim i?i(x) =0. (1.9) 

X'— > + oo 



Proof. From equation (1.8) it follows that 

0<\Riix)\<^\fix)\ 
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and since, by assumption 
it follows 



lim f[x) = 0, 

:— >+oo 

lim Ri(x) =0. 



x— >+oo 



8. If f(x) is positive and decreasing, or is negative and increasing on 
[a, oo), then 



^R^x + X) 



A=0 



<-\f(x) + f(x + l) 



k = 1,2,3,.... 



;i.io) 



Proof. Let us first assume that f(x) is positive and decreasing on [a, oo). 
Then, making use of formula (1.7), one obtains 



^i?i(x + A) 



A=0 



<J2\R 1 (x + \)\<-J2\f(x + \ + 2)-f(x + \)\, 



A=0 



A=0 



i.e. 



^i?i(x + A) 



A=0 



<J2\Ri(x + \)\ < -Y,[f(x + X) ~ f(x + X + 2)], 



A=0 



A=0 



but 



2 J2[fi.x + \)-f(x + \ + 2)\ = \[f(x) + f(x + l)-f(x + k + l)-f(x + k + 2)} 



A=0 

thus 



J2\Ri(x + X)\<-[f(x) + f(x + l)}, 



A=0 

since, by assumption f(x + k + 1) and f(x + k + 2) are positive quantities. 
In case where /(x) is negative and increasing, on [a, oo), the function —f(x) 
will be positive and decreasing over the same interval, and thus the formula 
(1.10) is easily obtained. ■ 

9. On the assumption that the fourth order derivative of f(x) exists on 
[a, oo), one has 

R 1 ( x )=R{f( x )} = ^f^(0, x<H<x + 2. (1.11) 

Proof. Since R{f(x)} is actually the error in evaluating the area under 
a given curve f(t), from t = x up to t = x + 2, by means of the Simpson's 
rule, expression (1.11) for the error is well known, see for example [1]. ■ 
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2 Completely Monotonic Functions 

A function f(x) is said to be completely monotonic (cm.) on [a, oo), if 

(i) f(x) possesses derivatives of all orders and 

(ii) (-l) k f( k \x) >0or (-l) k f k \x) <0, for k = 0,1,2,.... 

Functions of complete monotonicity have attracted special attention by 
various researchers, see for example [7], [14], [8], [9], [10], [3], and [4]. 

Definition 2. A (smooth) function defined on some interval [a, oo) is 
said to belong to the class A4a, if its fourth derivative is completely mono- 
tonic, i.e. 

f €M4^{(-l) k f {k \x)>0 or (-l) k f< k \x) <0, for k = 4,5,6,...} 

Typical functions belonging to the class M.4, are the following: 

• x~ p , p > 0, x > 0; 

1 

• xi , q > 1, x > 0; 

• lnx, x > 0; 

• e _:E , x > 0; 



• The Laplace transform /(x) of a positive function F(t), < t < 00, 

rex 

/o 



i.e. f(x) = J °° F(t)e- tx dt, see [2], [15], [16], and [5]. 



The R- Transform, when applied to functions of M4, leads to some quite 
interesting results, which are to be developed in the sequel. 

Theorem 1. Let / £ .M4. Then, the functions Rk(x), k = 1,2,..., 
where Ri(x) = R{f(x)} and Rk+i(x) = R{Rk(x)}, are completely mono- 
tonic on [a, 00) and have the sign of f^ A '(x). 

Proof. Let us assume without loss of generality that (— 1) f( k '(x) > 0, 
k = 4, 5, . . . . Notice that, by virtue of (1.11), for m = 0, 1, . . ., if D = d/dx, 
we have 

(-l) m D m R 1 (x) = (-l) m D m R{f(x)} = (-l) m R{D m (f(x))} = { -^f( m +^(^ m ), 

where x < £ m < x + 2. Since / <E M4 and (-l) m+4 = (-l) m we see that 
Ri(x) is completely monotonic and has the sign of f^>(x). In a similar 
fashion we can show that the statement is true for i?2(x). Indeed, 

(-l) m D m R 2 (x) = (-irR{D m (R 1 (x))} = (-l)-l4™ + % m ) > 0, 

where x < rj m < x + 2, m = 0, 1,2, . . ., since R\(x) is cm. and hence in M.±. 
Also, R 2 (x) > 0, i.e. R2{x) and f^'(x) have the same sign. 
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Proceeding in a similar way, we prove step by step, that all R k {x) are 
cm. and positive. ■ 

Remark 1. Clearly, if / is cm. on [a, oo), so are its derivatives of all 
orders. Likewise, if / G -M.4, then j( m ) g .A/f 4 for m = 1,2, ... . Hence, by 
Theorem 1, if / G .M4, we have that D m R k {x) is cm. for all m, k = 1, 2, ... . 

Theorem 2. On the assumption that f £ Ai^, a < x < oo, all functions 
D m R k (x), m, k = 1, 2, ..., will be absolutely decreasing on the interval [a, oo), 
i.e. will be either positive and decreasing, or will be negative and increasing 

on [a, oo). 

Proof. Assuming that (-l) k f^ k \x) > 0, k = 4, 5, 6, . . ., all the R k (xYs 
are positive and decreasing (since R k {x) > and DR k (x) < 0, k = 1, 2, . . .), 
while the functions DR k (x), k = 4,5,6,..., are negative and increasing 
(since DR k (x) < and D 2 R k (x) > 0, k = 1, 2, . . .). 

Likewise, step by step, we prove that the functions D 2 Rk{x), k = 4, 5, 6, . . ., 
are positive and decreasing, D^R k {x), k = 4,5,6, .. ., are negative and in- 
creasing, etc. 

The case (—l) k f k (x) < 0, k = 4, 5, 6, . . . is treated in a similar way. ■ 

Theorem 3. If / G M4, then 

I^n(x)|<0) n |/(X)|. (2.1) 

Proof. Since / G .M4, by virtue of Theorem 2 the functions R k {x), 
k = 1, 2, . . . will be absolutely decreasing on [a, 00). Then by means of (1.8) 

2 
\R k {x)\ <- \R k -i(x) I, k = l,2,...,n. 

Multiplying together the inequalities above, from k = 1 up to k = n, (2.1) 
is easily obtained. ■ 

Corollary 1. Under the hypothesis of Theorem 3, 

lim R n (x) = for every x G (a, 00). (2-2) 

n— >oo 

Corollary 2. Under the hypothesis of Theorem 3, and on the additional 
assumption that lim ;E _ ! . 00 f(x) = we have 

lim R n (x) = 0, for every n G N. (2-3) 

x— >oo 

Theorem 4. If / belongs to .M4, x G [a, 00), then 
k 



J^Rn+lix + X) 



A=0 



<-\Rn(x) + Rn(x + l)\. (2.4) 
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Proof. Since / is in M4, by Theorem 2 the functions Rk(x), k = 
1,2,3,... will be absolutely decreasing on [a, 00). Making use of (1.10) 
one obtains 



^i?„+i(x + A) 



A=0 



< -\R n (x) + R n (x + l) 



Corollary 3. Under the hypothesis of Theorem 4, 



J^Rn+iix + X) 



A=0 



; ' 3 



ra+1 



|/(x)| + |/(x + l)|). (2.5) 



Theorem 5. If / G Ma-, then 

KWK^|/ (4n) W 



, n = l,2,3,.. 



(2.6) 



Proof. We will prove (2.6) using mathematical induction. 
For n = 1 (2.6) is true because |i?i(x)| = <^j |/^(£)|, x < £ < x + 2, and 
since /^(x) is absolutely decreasing on [a, 00) 



|i?l(x)l = 9b~k (4)(e) 



< 



90 



/< 4 >(z) 



Assuming that (2.6) is true for n = k, we will show that (2.6) will also be 
true for n = k + 1. Making use of (1-11) 



R k +i(x) = R{R k (x)} = ^R^Hv) where x < t\ < x + 2. 



90 



Therefore, 



|Jkn(*)l = ^ 4%) 



1 
90 



< 



90 



4 4 V) 



(by virtue of Theorem 2), i.e. 



|-Rfc+i(a;)| < 



90 



Rf« 



1 

90 



Rk[f {A) (x 



(from (1.4)), i.e. 

\R k+l (x)\<^\R k [f^(x)) 



< 



1 1 
90 90^ 



f (4) (x)) 



\(«) 



because of our assumption about R k (x), and finally, 

1 



-R fc+ i(x)| < 



90 fc+1 



j(4fe+4)/ 
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so by means of the principle of mathematical induction (2.6) is true for all 
ra = l,2,3,.... ■ 

Theorem 6. If f(x) is any continuous, real-valued function, defined on 
[a, oo ) and k is any positive integer, then 



k 



£/(*+*) = 

A=0 

= If^ + \f( X + X ) " lf( X + k + X ) " \^ X + k + 2 ) 
ODD 

i rx+k+1 -i rx+k+2 i " 

+ 2/ /(*)*+ 2/ /(t)dt + -^i?i(x + A). (2.7) 

Proof. The proof is straightforward. Starting with the definition of 
Ri(t), applying it for £ = x, £ = x + 1, £ = x + 2, . . . , t = x + k and adding 
the resulting equations, formula (2.7) is obtained. ■ 

Theorem 7. If f(x) is any continuous, real- valued function defined on 
[a, 00) and k is any positive integer, then 

k 
A=0 

5 15 1 

= r S n( X ) + rSn(x + 1) - ~S n (x + k + 1) - ~S n (x + fe + 2) 
ODD O 

-. fx ~\~ k ~\~ 1 i p x "4" k ~\~ 2 i 

+ S / S n (t)dt+- S n (t)dt+— I J2 R "+l( X + X ^ ( 2 - 8 ) 

where 

s n (x) := /(x) + ^i?i(x) + ^i? 2 (x) + . . . + ^n(x). (2.9) 

Proof. Starting with formula (2.7) and taking the i?-transform of both 
sides m times successively, m = 0, 1, ...,n, one obtains 



^i? m (x + A) 



A=0 

5 15 1 

-R m (x) + -i? m (x + 1) - -i^x + k + 1) - -i?m(x + /c + 2) 

ODD D 



+ 2/ R m {t)dt + - R m (t)dt+-J2 R m+i( x + x )- 
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Multiplying both sides by (l/2) m , and adding the resulting equations from 
m = up to m = n, one obtains (2.8), where the quantity s n (x) is defined 
by formula (2.9). ■ 

Theorem 8. If f(x) is any continuous, real valued function, defined on 
the interval [a, oo), then 

5 4 1 1 f x+2 1 

f(x) = -s n (x)- -s n {x + l)--s n (x + 2) + - I s n (t)dt+-^ I R n+1 (x), 

(2.10) 
where s n (x) is given by (2.9). 

Proof. From formula (2.8), one obtains 

fc-i 

A=0 

5 15 1 

= -s n (x + 1) + -s n {x + 2) - -s n (x + k + 1) - -s n {x + k + 2) 

DO D 

f-x+k+l -i r x+k+2 i fe -! 



+ " / S n (t)dt+- Sn (t) dt+ Y,Rn+l(x + l + \). 

Z Jx+l z Jx+2 z A=Q 

Subtracting this equation from (2.8), equation (2.10) is obtained. 



3 An Approximate Solution of the Difference Equa- 
tion y{x + 1) — y(x) = f(x) 

The Difference Equation Ay(x) := y(x + 1) — y(x) = f(x), f(x) given, was 
first studied by Krull, in his pioneer work [11] and subsequently by other 
researchers [12], [6], and [13]. In the present work we derive, by means of the 
i?-transform, an approximate solution to this equation for various functions 
f(x), x > a. 

Theorem 9. Consider the equation Ay(x) = f(x), a < x < oo, where 
f(x) is given (the solution to this equation is determined up to an arbitrary 
periodic function p(x) of period 1). Let us also define 



1 R n +l(x ) 

f(x) 



Kn,x):=-^^^Z. (3.1) 



Then, the function 



1 5 1 

Vn{x) = --s n {x + 1) - -s n (x) + - [S n (x + 1) + S n (x)} , (3.2) 

b b 2 



where 



/x 
s n (t)dt, c = constant, 
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(s n (x) is given by (2.9)) will satisfy the Difference Equation 

Ay„(x) = y n (x + 1) - y n (x) = [1 - r(n, x)} f(x), 

i.e. y n (x) as denned in (3.2), is an approximate solution of Aj/(x) = f(x), 
provided that, for x > a we have r(n, x) — > as n — > oo. 

Proof. We have 

1 4 5 1 f x+2 

Ay n (x) = y n (x+l)-y n (x) = --s n (x+2)--s n (x+l)+-s n (x)+- / s n (i)dt, 

6 6 6 2 ,4 

and taking into account (2.10) and (3.1), 



Ay n (x) = f(x) 



1 



2n+i 



R n +i(x) = [1 - r(n,x)] /(x). 



Remark 2. The power of the method lies in the fact that r(n,x) is 
negligible as compared to 1, even for n = 1 (first order approximation), 
over some interval [a, oo), for some family of functions, for example for the 
functions belonging to the class M.4. 

Example 1. The Difference Equation Ay(x) = lnx, x £ [3, 00). 
For n = 1 Theorem 9 gives the approximate solution 

yi (x) = --si(x + 1) - - Sl (x) + - [Si(s + 1) + 5i(x)] , 

D D Z 



where by (2.9) 



si(x) = f(x) + -R\{x) and S'i(x) 
Tedious but straightforward calculations yield 



si(t)dt. 



Vi{x) 



(x + 3) 2 x + 3 1 



+ 



6 



36 



ln(x+3) + 



(x + 2) 2 5(x + 2 



+ 



6 



9 
36 



ln(x+2) 



+ 



(x + 1) 2 5(x + l) 27 



+ - 1 —--Hx + i) + 

The error term, over the interval [3, 00) is 



2 
X X 


35] 


~8~ + 6 " 


" 36_ 



lnx--. (3.3) 



|r(l,x)| = 
and since f(x) = lnx belongs to M.4 



1 

¥ 



R2(x) 



f(x) 



\R2(x)\ < |i? 2 (3)| < 



90 2 



ln( 8 )( 3 



x=3 
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(from Theorems 2 and 5), while |lnx| > |ln3| for x > 3, we have 



W^'Kp'hTs-^'^ 2 ' 158 ' 10 " 



x> 3. 



Now recall that the logarithm of the Gamma function lnT(x) also satisfies 
Ay(x) = lnx. Hence, we expect that 

lnT(x) ~ yi(x) + p(x), where p(x + l)=p(x). (3-4) 

To determine p(x) we look at the asymptotic behavior of lnr(x) and yi{x) 
as x — > oo. Stirling's formula gives 

lnT(x) = (1/2) ln(2vr) - x + (x - 1/2) In a; + O (1/x) , 

while (3.3) yields 

yi (x) = 3/4-X + (x- l/2)lnx + o(l). 

Comparison of the above two formulas suggests that p(x) of (3.4) is the 
constant (1/2) ln(2vr) - 3/4. Therefore, 



Inr(x) w yi(x) + (1/2) ln(2vr) - 3/4. 
The accuracy (3.5) is illustrated by the following list. 

x j/i(x) + (1/2) ln(2vr) - 3/4 lnT(x) 

3 0.693146 0.693147 
3.45 1.14623 1.14623 

4 1.791759 1.791759 



(3.5) 



In fact, the accuracy gets better as x increases. 

i 
Example 2. Solve the difference Equation Ay(x) = x«, q > 1, on the 

interval [5, oo). 

Taking n = 1, and proceeding as in Example 1 we find the approximate 

solution to be 



Vi{x) 



35 g q 2 %2 

36 6(g + l) X 4(g + l)(2g + l) X 



i 



+ 



+ 



+ 



27 


5q 


36 


6(q+l) 


9 


5q 


36 


6(9 + 1) 


1 


, 9 



fx + l) + 



(x + 2) 



36 6(g + i; 



(x + 3) 



4(g + l)(2g + l) 

9 2 


4(g + l)(2g + l) 

9 2 



4(g+l)(2g + l) 



(x + 1) 2 



(x + 2) J 



x + 3) 2 



(x + 1) 

(x + 2) 
(x + 3) 
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The error term |r(l,x)|, over the interval [5, oo) is |r(l,x)| = ^2 






and 



since /(x) =i« £ M.4 and f(x) is increasing, |r(l,x)| < |r(l,5)| for x > 5, 
we have 



\r(l,x) 



1 



Ri(x) 



fix) 



< 



1 1 



/ (8) (3 



m 



x=5 



1 1 



H(l-kq) 



fe=i 



1 



(5?) 



8' 



For example, if q = 2, in which case the expression for y\{x), gives the 
approximate solution of Ay(x) = y^, we get |r(l,x)| < 4, 17 • 10~ 8 , for all 
x > 5. 

4 Evaluating Finite/Infinite Sums 

Finite sums of series can be computed with the aid of the i?-transform. The 
main result is summarized in the following theorem. 

Theorem 10. (a) For any function f(x), continuous on the interval 
[a, 00), we have 



J2 f(x + A) = f(x) + f(x + 1) + /(x + 2) + . . . + f(x + k) 



A=0 



5 15 1 

-s n (x) + -s n (x + 1) - -s n (x + k + 1) - -s n (x + k + 2) 

ODD D 



+ ; 



1 



x+k+1 



s n (t)dt + 



1 



x+k+2 



s n (t)dt + e(n,x) 



x+l 



where s n {x) is given by (2.9) and the error term e(n,x) is 



1 fc 
e ( n > x ) = ^TT S Rn+1 ( x + X ^ 



A=0 



(b) If we further assume that / G .M4, then 

1 



< |e(n,x)| < 



3 • 180 r 



f {4n) (x] 



+ 



f {4n) (x + l) 



(4.1) 



(4.2) 



(4.3) 



It should be noted that the error e(n,x) depends only on x and n and not on 
k. As a matter of fact, for a given n, the error, in absolute value, decreases 
as x increases, since / G .M4. 

Proof, (a) The first part of the Theorem 10 follows directly from Theo- 
rem 7, equation (2.8). 

(b) By virtue of (4.2), (2.4), and Theorem 4, 



|e(n,x)| 



1 

2«.+i 



^i? n+ i(x + A) 



A=0 



< 



3-2 f 



\R n {x) + R n {x + I) 
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Now, making use of Theorem 5 yields 



Example 3. Evaluate the sum of the harmonic series 

k 

E — 



A=0 



X + A' 



on the interval [5, oo) (here k is an integer > 1). 
Applying (4.1) with n = 1, one obtains 



k 1 
V = $(x + k + l) -$(x) + e(l,x), 

^— ' T -I- A 



where 



A=o 



.1 x + 3 \ , . . /5 i + 2', , 
$(x) = | — | ln(x + 3) + ( — In(x + 2) 



6 4 



6 4 



5 x + l\ , , ,, (\ x\. 1/1 9 27 35 \ 

+ [- + —— In x+l)+ - + T hix- — + + + — 

6 4 / l ' V 6 4 / 36\£ + 3 x + 2 x + 1 xj 



For the error term on [5, oo) we have 



|e(l,x)|<|e(l,5)| 



1-4! 

3-180 



; -a 



(since \f {i) (x)\ = |(l/x)( 4 )| = 4!|x|~ 5 ), i.e. |e(l,x)| < 1.993 • 10~ 5 , x > 5. 
Theorem 11. (a) Assuming that / € M± and the series 



E/^ + A ) 



A=0 



converges, we have 



— ^ 1 1 r°° i r°° 

y^f(x + X) = -s n (x) + -s n (x + l) + - s n (t)dt + - s n (t)dt + e(n,x) 

f^ Q 6 6 2 J x 2 J x+1 

(4.4) 
where s n (x) is given by (2.9) and 



1 oo 



(4.5) 



A=0 
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(b) With the same assumptions as in Part (a), we have 

1 



< \e(n,x)\ < 



3-2 r 



\R n {x) + R n {x + l)\ . 



Proof, (a) From (2.9) 



n 1 

Sn(x) =J2—R k (x), 



k=0 



i.e. 



0< \s n (x)\ 
and making use of (2.1), 



n 1 n i 



fc=0 



fc=0 



n 1 /2\ 

A:=0 V y 



l/(*)l 



ra+l' 



Since the series 



E/^ + A ) 



A=0 



is assumed to be convergent, we must have 



so from (4.7) 



lim f(x) = 0, 

x— >+oo 



lim s n (x) = 0. 

x— >+oo 



(4.6) 



l/MI- (4-7) 



(4.8) 



Equation (4.4) is obtained immediately from (4.1), if we pass to the limit as 

k — > +oo , and make use of (4.8). 

(b) Regarding the error term e(n, x), we know that 



< |e(n, x) 



1 



2«+i 



J2R n+1 (x + X) 



A=0 



< 



1 



3-2 r 



\R n {x) + R n {x + I) 



(from (2.4)) and if we pass to the limit as k — > +oo, (4.6) is obtained. ■ 
Example 4 (The Hurwitz Zeta Function). The following series, is 
known as the Hurwitz Zeta Function 



oo _. 



ra=0 



(q + n) 



where here q and s are assumed to be real, with q > and s > 1, so that 
the infinite series converges. Making use of Theorem 11, with n = 1, ((s, q) 
can be expressed as 



C(s,q) 



35 1 27 1 

;— + 



+ 



9 



1 1 1 

+ 



36 q s 36(q+l) s 36(q + 2) s 36 (q + 3) 
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1 



+ 



8-1 

1 



115 1 

6q* ZT+ 6(q+l) s - 1 

1 1 



+ 



1 



4(a-l)(*-2) 

where 



-,s-2 



(q + 1 



is-2 



+ 



6(g + 2) s ~ 1 
1 



(<Z + 2 



,s-2 



+ 



+ 



1 1 

^(g + s) 3 - 1 
i 



(9 + 3) 



s-2 



+e(l,g,s) 

(4.9) 



< |e(l, g, s)\ < - \Ri(q, s) + R 1 {q+l,s)\, 
b 



i.e. 



0< |e(l,g,s)| < 



6 



1 



1 



1 ( l 5 ' 5 h 1 

3\q s + (q + l) s + (q + 2) s + (g + 3) ; 



+ 



+ 



(4.10) 



s - 1 V <f - 1 (« + l) s_1 (q + 2) s - x (g + 3) 8 - 1 # 

The function Ri(q, s) considered as a function of g (s fixed) belongs to M.4. 
The same function considered as a function of s (g > 1 fixed) also belongs 
to A^4, as can be easily shown. Indeed, 

d n , . 



<- 1 >'^« 



= (lng) n g" s > 0. g > 1. 
In the region q > go > 1 and s > sq > 1, the error term satisfies 

< |e(l,g,s)| < |e(l,g ,s )|, 

since R\(q,s) and R\(q + l,s) belong to M.4, therefore R±(q,s) + i?i(g + 
l,s) G -M.4, i.e. the function f(s) := Ri(q,s) + i?i(g + l,s) is absolutely 
decreasing with respect to both variables q and s in the region g > go > 1 
and s > so > 1. For example, in the region q > 3 and s > 4, the error term 
satisfies 

0< |e(l,g,s)| < |e(l, 3,4)| « 3.422 • 10" 5 . 
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COMMUTANTS OF A TOEPLITZ OPERATOR WITH A 
CERTAIN HARMONIC SYMBOL 

ABDELRAHMAN YOUSEF 



Abstract. In this paper we show, under some conditions, that only polyno- 
mials of T z +z can commute with T 2 +». 



1. Introduction 

Let dA = -rdrdd, where (r, 9) are the polar coordinates in the complex plane 
C, denote the normalized Lebesgue area measure on the unit disk D, so that the 
measure of D equals 1 . 

The Bergman space L^(V>) is the Hilbert space consisting of all analytic functions 
in I/ 2 (B,oL4), the space of all square integrable functions on D with respect to the 
area measure dA. It is well known that L 2 a {p) is a closed subspace of the Hilbert 
space L 2 (B, dA), and has the set {y/n + \z n \ n > 0} as an orthonormal basis. Let 
P be the orthogonal projection from L 2 (B, dA) onto L 2 (B). 

For a function <j> € L°° (D) , the Toeplitz operator T^ with symbol <j> is the oper- 
ator on L 2 (D) defined by T^f = P(<j>f), for / G L 2 a {B). 

In [3], Cuckovic proved that if S is an operator in the closed norm subalgebra, 
generated by Toeplitz operators, such that S commutes with T z n , then S = T^ 
where ip is a bounded analytic function on D. Later in [2], Axler, Cuckovic and 
Rao proved that if two Toeplitz operators on a Bergman space commute and the 
symbol of one of them is analytic and nonconstant, then the other one is also ana- 
lytic. Also, they asked the following question: 

Suppose ^ is a bounded harmonic function on the disk that is neither analytic 
nor conjugate analytic. If ip is a bounded measurable function on the disk such 
that T,p and T^ commute, must ip be of the form a(f> + b for some constants a, b? 

The only work in the literature that has been done regarding this question can be 
found in [9]. The authors there obtained a positive answer under some restrictions. 
In fact, they proved if / e I>(p,dA) is of the form f{re ld ) = EfeL-oo eik " h{r) 
such that Tf is bounded, and Tf commutes with T z+g , then Tf must be a poly- 
nomial of T z+Z - of degree at most 3. Using the same technique in their result, one 
can see that if / <E L°°(D), then Tf = aT z+z + bl for some constants a, b, which 
answers the question above partially. Moreover, and in a more general setting, the 
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third author in [9] showed in [11] that if Tf commutes with T ,-t-j, where g is a 

bounded analytic function on D and /(re ) = X)/c=-oo e /fc( r ) is bounded, then 
Tf = aT , —7-^c + 6/ for some constants a, b. 

J z+g(z) ' 

Now, a related question to the above question and its partial answer is the 
following: what are the commutants of T z+2 ?, or in other words, are polynomials 
of T z+S the only commutants of T z+2 ?. In section 3 of this paper, we shall give a 
partial answer to this question. 

2. Preliminaries 

A function / is said to be quasihomogeneous of degree p, where p is an integer, 
if it is of the form e tp0 (j>, where </> is a radial function. In this case the associated 
Toeplitz operator Tf is also called quasihomogeneous Toeplitz operator of degree 
p. Those Toeplitz operators were studied in [4] and [6]. The reason that we study 
such family of symbols is that any function / in T 2 (D, dA) has the following polar 
decomposition 

/(re w ) = £V fc Vfc(r), 
fcez 
where fa are radial functions in T 2 ([0, l],rdr). 

Now, we need to introduce the Mellin transform that has been a very useful 
tool in obtaining many results. The Mellin transform / of a radial function / in 
i 1 ([0, 1], rdr) is defined by 

f(z) = f J{r)r z - 1 dr. 

It is well known that, for these functions, the Mellin transform is well defined on 
the right half-plane {z : $lz > 2} and it is analytic on {z : iRz > 2}. 

The following lemma, in [9], is helpful to avoid tedious calculations. 
Lemma 1. Let k,p G N and let f be an integrable radial function. Then 

T e , P e f (z k ) = 2(k+p+l)f(2k+p + 2)z k+p 
and 

T r^ = /° ifO<k<p-l 

e * pefK ' \ 2{k-p+l)f{2k-p + 2)z k -P ifk>p. 

For convenience, we would like to remind the reader by the following property 
of the Bergman projection, that will be used to eliminate the calculations in the 
next lemma. Let n and to be a nonnegative integers. Then 



r n-m+1 n _ m 
(1) P{z n z m ) = l n +l Z ' lJ " m 

{ 0, if n < m 

For more about Bergman projection, one can see [5] or [12]. Now, using the 
above lemma and the property of the Bergman projection one can observe the fol- 
lowing: 
For n = 1, T™ (1) = z, so for n = 2 we have, T z 2 +2 (1) = T z+S {z) = z 2 + \. 
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Now by induction, Suppose that T k ^(l) = z k ~ l + b k - 2 z k ~ 2 H h b\z + b . This 

implies, using (1) , that 



T k z+ - Z {\) = T z+ - z (z k - 1 +b k _ 2 z k - 2 + --- + b 1 z + b ) 
Hence, we can say that: 



= z k + a k -iz k X H haiz + ao 



Remark 1. For every k £ N, T z+Z {\) = q(z), where q(z) is a monic polynomial of 
degree k. 

3. Main Results 

The main tool in [9] was the Mcllin transform, and their idea was based on com- 
paring the coefficients of the terms of the same degree on both sides, starting from 
the highest degree, which allowed them to compute the degree and find the symbol 
of each term. We state their result, [9, Theorem 2, P. 886], as: 

Let f(re 10 ) — X)fc=-oo e * fe6l /fe( r ) be a function in i 1 (D, dA) such that the Toeplitz 
operator Tf is bounded. If Tf commutes with T z+Z , then Tf — Q{T Z+Z ) where Q is 
a polynomial of degree at most 3. 

In the following theorem, we will denote the commutator of two operators T and 
S by [T, S]=TS- ST. So, T commutes with S iff [T, S] = 0. 

Theorem 1. Let f(re ) — X)^L-oo e fk(r) be a function in L 1 (D,dA) such that 
the Toeplitz operator Tf is bounded. Assume that there exist two positive integers 
N and M such that /2jv(?") = cr and /2M+1W = c'r + , where c and c' are 
constants. If \Tf,T z+s \ = 7 then Tf = Q{T Z+S ) where Q is a polynomial of degree 
at most 3. 

Proof. For simplicity let h k = h k {r,6) = f k {r)e lke . Since [T f ,T z+z ] = 0, then for 
each n e N, we have [T f ,T z+ g](z n ) =0. 

Now, the term in z of degree n+2N+ lis ([T h2N ,T z ] + [T h2N+2 ,T z ])(z n ) =0. But 
[Th 2N ,T z ] = [T cz 2n ,T Z ] = 0, since Toeplitz operators with analytic symbols com- 
mute. Hence, [Th 2N+2 ,T z ](z n ) = 0. Which means h2N+2{r,0) is conjugate analytic, 
but this can only happen if f2N+2(r) = 0. Also, the coefficient of z n + 2N +( 2m + 1 ) [ s 
zero, so we can obtain by induction, that f2N+2m{f) — for all to > 1. 

Similarly, since the coefficient of z n + 2M + 2m equals 0, then again we can prove 
by induction that /2M+2m+i( r ) = for all m > 1. Now, let L = max{iV, M}, then 
the symbol / becomes fire ) = ^2 k =_ oc ,e tke f k (r). Hence, using [9, Theorem 2, 
P. 886] finishes the proof. 

□ 

In the following lemma, which we will use in the next theorem, we show that 
any element in the orthogonal basis of the Bergman space can be written as a 
polynomial of T z+Z evaluated at 1. 

Lemma 2. For every k G N, z k = Q k (T z+z )(l) where Q k is a monic polynomial 
of degree k . 
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Proof. By remark 1, T k +Z -(1) = z k + a k -iz k ~ 1 + • • • + a\z + a . This implies, 

(2) z k = T k +Z {\) - a k _ lZ k - 1 aiz - a 

Similarly, 

(3) z k - x = T k ^(l) - b k _ 2 z k - 2 b lZ - b a 

Now, plug (3) into (2) to obtain: 

z k = T k +Z {\) - a fc _i(T^(l) - b k _ 2 z k - 2 hz-b ) aiz - a 

Continuing the above process, gives us: 

z k = T k + - Z (l) + c k -iT k ^(l) + c fe _ 2 T, fc +|(l) + • • • + ciT z+ - z {l) + c a I 
which finishes the proof. D 

The technique, used in [9], does not work if we replace Tf, by a finite sum of 
finite product of such operator. The idea used in the proof of next theorem is very 
simple, and one can use it to obtain the same result in [9] without using Mellin 
transform. 

Theorem 2. Let T = J2H T flu)' where A«J)( re ") = Y. e * M (/(J,i))*( r ) e 

I— 1 j — 1 k — — oo 

L°°(D) for every I = 1, 2, . . . , n and j — 1, 2, . . . , m/. If TT z +z = T z +fT 7 then there 



exists a polynomial P/v of degree N = max > ^(i.j) such that T — Pn(T z +z)- 

~ ~ 3 = 1 

M 

Proof. Using lemma (1), one can see that if f{re %0 ) = >_, e lke f k (r), then 

k — — oo 
M 

Tf(z n ) = E T ^»Mr)(z n ) 



M 



= Y^ 2(n + fc + l)/(2n + fc + 2)z r ' 



n+k 
k=—n 



which is a polynomial of degree M. This implies that, for some 1 < I < n the 
product (Jl^i Tf {l } )(1) is a polynomial of degree Y^iTli ^(l,j)- But ^ is a finite 
sum of such products, so T(l) is a sum of polynomials each of degree Y^Tli ^{i.j) 
for I = 1,2, ...,n. Now, let N = maxi<;<„ Y^iTli Na j) to obtain that T(l) = 
cinz n + aM-iz N ^ x + • • • + aiz + a . By lemma (2), z k = Q k (T z+z )(l) for every 
k € N. This implies that, T(l) = a N Q N (T z+z )(l) + ■■■+ aiQi(T z+z )(l) + a I. 

So, T(l) = Pn(T z +z)(1), where Pj$ is a polynomial of degree N. Now, using 
lemma (2) again, we have for every k e N, T(z k ) = T(Q k (T z+z )(l)). But T 
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commutes with T z+Zl it follows that 

T{z k ) = T(Q k (T z+ - z )(l)) 

= Q k (T z+z )(T(l)) 

= Q k (T z+z )(P N (T z+z )(l)) 

= P N (T z+z )(Q k (T z+z )(l)) 

= P N (T Z+Z )(z k ) 

Hence, T = P N (T Z+Z ). 

Now, consider the weakest topology on the algebra of all bounded linear operators 
acting on L 2 a (Vi), in which the map T — > T{p) is continuous for all polynomials p. 
It is easy to see that the commutant of T z+Z in the algebra of all bounded linear 
operators on L^(D) is the closure of the set {Pn(T z+z ) : Pn is polynomial}. □ 

Remark 2. Here are some remarks related to Theorem 2: 

(1) It is shown, in [7, Corollary 6.5 , P. 533], that T z+Z is not a Toeplitz oper- 
ator whenever n > 4. The authors in [9] obtained a polynomial of T z+Z of 
degree at most 3, because they were looking for commutants of T z+Z among 
Toeplitz operators. 

(2) The question, "when the product of two Toeplitz operators with bounded 
symbols is a Toeplitz operator?" , is still unsolved. So, it is worth mentioning 
here that the operator T in Theorem 2 above is not necessarily a Toeplitz 
operator. Also, we can't say that if the degree N of the polynomial T = 
Pn{T z + z ) is greater than 4, implies that T is not a Toeplitz operator, 
because we have no control on the coefficients of such a polynomial, and 
the terms, in the expansion of T, that are not Toeplitz operators might 
cancel each other. 
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APPLICATION OF ESTIMATES OF ALPHA-STABLE 
DISTRIBUTION TO DISTRESS FORECAST 



AUDRIUS KABASINSKAS, ZIVILE KALSYTE, JIMMIE GOODE, 
AND ASTA VASILIAUSKAITE 



Abstract. This article proposes a method to evaluate the change in distress 
value of companies belonging to the US health care industry. The method 
involves the use of stable distribution parameters (as also the key financial 
ratios) in the formation of neural network committees. For each sector of the 
health care industry, we use genetic algorithms to select the most important 
parameters of alpha-stable distributions. As a result, the committee prediction 
error is significantly reduced. The proposed method is compared with neural 
network committees without stable distribution parameters (using key finan- 
cial ratios only). The results show that the committees formed using genetic 
algorithms with stable distribution parameters (for each sector separately) are 
significantly better than the committees formed only with the key financial 
indicators. 



1. Introduction 

Adya and Collopy [1] showed that most authors compare the performance of neu- 
ral networks with these traditional methods: discriminant analysis, logistic regres- 
sion, regression models, decision trees, ID3, NEWQ, Probit, Logit, Five Qualitative 
response models, Five Software reliability models, k Nearest Neighbour, Experts, 
Leading indicators, and Factor-Logistic. Neural networks are chosen to predict the 
financial situation because they show significantly better results concurrently to the 
above mentioned methods. 

The neural networks are connected to committees. Distress value direction (in- 
crease or decrease) for the coming year is forecasted from current year's data by 
two different committees of neural networks. Each neural network is trained to 
predict next year's distress direction (better, worse or unchanged value of distress) 
for each sector. Thus we have a total of nine neural networks corresponding to 
each of the following sectors of the health care industry: Medical Instruments and 
Supply (M_I_a_S), Medical Appliances and Equipment (M_A_E), Long Term Care 
(L_T_C), Home Health Care (H_H_C), Health Care Plans (H_C_P), Drug Manufac- 
tures Major (D_M_M), Drug Manufactures Other (D_M_0), Diagnostic Substances 
(D_S), and Biotechnology (B). In this way, each committee member reflects the 
specifics of the economic sector, and at the same time, the committee reflects the 
entire health care industry. 

The available data covers the 2006-2010 period, during which the financial cri- 
sis produced strong shocks in the financial markets that resulted in the failure of 
businesses and financial institutions. 

Neural network committees are formed by two different methods: 



Key words and phrases. Genetic algorithms, neural networks, distress forecasting, alpha- 
stable distribution. 
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(1) Using the key financial indicators that best describe the company's dis- 
tress level (Current Ratio, Total Asset Turnover, Gross Margin), and other 
supplementary financial indicators, which are listed in the Data section. 

(2) Using the stable distribution's parameters (Alpha, Beta, Sigma, Mu) to 
describe a company's situation in the context of other sectors in addition 
to key financial ratios (Current Ratio, Total Asset Turnover, Gross Margin), 
with a genetic algorithm selecting the most important parameters. 

In both cases, the committees combine nine neural networks, each of them trained 
to predict the direction of a single sector's distress. Neural networks are different 
only in the sets of features that have been used in training. 

Real-world financial time series are often characterized by skewness, kurtosis, 
heavy tails [8, 3], self-similarity and multifractality [2]. One distribution supported 
by empirical evidence, first observed more than 45 years ago by Mandelbrot [4], is 
the stable distribution. Its advantages for modeling financial risk factors are now 
well documented (see, for example [6, 8, 3]). In our statistical analysis of TAT, CR, 
GM and OM factors, we also fit data series to the a-stable distribution. 

2. Methodology 

First neural networks are used for distress value prediction by using two different 
data sets for learning and testing purposes. So we have: 

(1) 9 neural networks trained and tested using Current Ratio, Total Asset 
Turnover, Gross Margin, and the supplementary indicators that help com- 
panies evaluate distress more accurately, 

(2) 9 neural networks trained and tested using stable distribution parameters 
in addition to the features in (1). 

To train each of the above networks, we use data from all sectors, and to test 
the network, we use each sector's data separately. Thus, neural network weights 
hold information about the details of each sector's identity. 

We form average and weighted committees of neural networks trained using the 
same set of attributes ((1) or (2)) for comparison. 

After neural network ensembles are formed from neural networks trained and 
tested using stable distribution parameters, they are used as fitness functions for 
the genetic algorithm. In this way we select the stable distribution parameters that 
are important for each sector separately. 

2.1. Neural networks. A feedforward multi-layer perceptron (MLP) is used for 
forecasting of distress value direction, with one hidden layer and one output node. 
The training phase is the most important, as this determines the network's weights. 
During the training phase, the differences between the MLP output values and the 
known target values are minimized. Bayesian regularization is used for updating 
the weight and bias values according to Levenbcrg-Marquardt optimization. 

Let Xi,... X29 be a vector of financial ratios, y be the distress value, w\ be the 
matrix of linking weights from input to hidden layer, and w-i the weights from 
hidden to output layer. The MLP with one hidden layer is a model: 

(1) V = h{w2h{wix)). 
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During the training phase, mean squared errors (MSE) are minimized to estimate 
weight matrices. 

The function for hidden nodes is the hyperbolic tangent sigmoid transfer func- 
tion. The function for output node is linear transfer function. The MSE is computed 
by taking the differences between the target and the actual neural network output, 
squaring them, and averaging over all data vectors, 

1 N 
(2) MSE = -£ (a 3 y 3 f 

i=i 

where clj represents the target value, jjj the network output for the jth training 
pattern, and N the number of training patterns. 

2.2. Genetic Algorithms. A GA is chosen for searching of the local optima of 
data vectors consisting of financial ratios and considering many points in the search 
space simultaneously by probabilistic rules. GAs perform these stages: 

• Initialization and Selection. A population of chromosomes (the combination 
of financial ratios) is selected as the starting point of the search. The 
MSE fitness function then maps each chromosome's performance to a scalar 
value. 

• Using crossover, only the high scoring members are chosen for the new 
solution. The crossover occurs only at the one-point crossover rate. 

• The data vector randomly changes during mutation process. The algorithm 
stops when the minimum of the MSE function is found. 

The genetic optimization problem is defined by: 

• The parameters that have to be coded for the problem. This is a 31 digit 
vector (a population of data vectors) generated by the GA (1010. ..0011) 
define which financial ratios used (1 used, not used). 

• Compute the fitness function to evaluate the performance of each data 
vector. Find a combination of financial ratios with minimum MSE of neural 
network. A solution of the GA population is used to construct input data 
set for neural network, which is then trained using a training set and tested 
with a test set. MSE is used to determine its fitness. The output of GA is 
a string, which defines proposed combination of financial ratios. 

This process is repeated for each solution in the GA population. This allows 
exploring all possible combinations of 31 financial ratios and tends to favor the 
most likely solutions. 

2.3. Statistical analysis. We start from TAT, CR, GM and OM empirical data 
analysis. We first estimate mean, variance, skewness, and asymmetry, then fit the 
normal and a-stablc distributions to the data series. 

Following the well-known definition (see [7, 9]) a random variable X has the 

a-stable distribution, denoted X=S a (cr, (3,/j,), if it has a characteristic function of 
the form: 

/ exp{-a a -\t\ a -(l-ipsgn(t)tan(?f))+i»t},ifa^l 
[,i) n> \ cxp{-<7.|f|.(l + i/3s0n(t)£ ■log|t|)+i/it},ifa = l 
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Each stable distribution is described by four parameters, the first and most im- 
portant being the stability index a G (0,2], which is essential for characterizing 
financial data. The others are a a skewness parameter ft £ [—1,1], location param- 
eter /j, € R, and scale parameter a > 0. 

The probability density function of an a-stable distribution is 

(4) p{x) — — / <j>{t) ■ exp(~ixt)dt. 

2tt J 

— oo 

In the general case, this function (4) cannot be expressed in closed form. Infinite 
polynomial expressions of the density function are well known, but it is not very use- 
ful for maximum likelihood estimation (MLE) because of issues such as error estima- 
tion in the tails and difficulties with truncating the infinite series. We instead use an 
integral expression of the PDF in the standard parameterization with a Zolotarev- 
type formula ([3], section 2.1). The pth moment £?|A| P = L P(\X\ P > y)dy of an 
a-stable random variable X exists and is finite only if < p < a. Thus for a < 2, 
the variance does not exists, and for a < 1, we cannot use mean as a positional 
characteristic. 



3. Data 

Each committee member reflects a cluster of companies grouped by activity (eco- 
nomic sector). The data vectors describing companies from D_S, D_M_M, D_M_0, 
H_C_P, H_H_C, L_T_C, M_I_a_S, M_A_E, and B sectors are chosen as input data for 
neural networks for the following reasons: 

(1) It is difficult to separate companies into the sectors, as each company pro- 
duces several kinds of products which can be attributed to a number of 
different sectors. Therefore, it is difficult to describe the dynamics of an 
industry according to company distributions within these sectors. That's 
why neural networks were trained with data from all sectors together and 
tested each sector separately and then combined into the committees. 

(2) The same companies can be found in different sectors classified by Standard 
Industrial Classification system from the US Bureau of Census because of 
limitations in describing companies' activities. The companies can special- 
ize in these biotech related applications: research, production processes or 
products. Almost all companies analyzed sell somewhat different products 
and rely on different technologies and usages. That's why their production 
processes diffuse into different industries. 

(3) A more general concept of industry can be obtained by using knowledge- 
based perspective in addition to the classification into sectors including 
products, technologies and users perspectives. For example, the health care 
industry can be defined as a biomedical industry according to knowledge- 
based perspective. It overlaps medical technology, instruments, and med- 
ical supplies and is influenced by knowledge, techniques, tools. This has 
different impacts to various sectors over time. 

(4) All segments are regulated by significant government supervision, taking 
into account President Obama's commitments to healthcare reform. For 
example, the Patient Protection and Affordable Care Act was passed by 
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Congress in 2010. It describes conditions in the healthcare industry. Be- 
cause of healthcare reform, the amount of uninsured people is reduced. The 
high cost of developing new drugs and medical devices will tend to offset 
some of the cost savings because of higher taxes. Different segments of each 
industry are influenced differently by advantages and disadvantages of the 
healthcare reform process. 
(5) Healthcare delivery and financing in the United States faces problems such 
as high cost and quality. All of them have influenced companies and citizens. 
For example total healthcare expenditures increased and the cost is rising 
faster than inflation. 

The data for both committees are formed on the same principle. Each company 
is described by the data vector consisting of input data and the target value. Target 
values for both committees are the same (see the Output Data section 3.1), while 
the input data is different for both committees (see sections 3.2 and 3.3). Two 
different data sets are formed from financial ratios. Four data vectors describe each 
company. Each of them describes the situation of the company in different year 
from the selected period. Two different types of data vectors are formed: 

(1) Data vectors are formed from the 31 financial ratios as input parameters 
to describe current year financial situation plus changes of distress value 
between the current year and one year ahead. 

(2) Data vectors are formed from the data of 21 financial ratios as input pa- 
rameters to describe current year financial situation plus changes of distress 
value between the current year and one year ahead. 

3.1. Output Data. As already mentioned, the committees differ in the input data, 
while the choice of target values for both teams is identical, according to the table 
below (Table 1). A company's financial situation is measured by distress value 
(DV). There are three key financial indicators that can determine distress value: 
Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM). De- 
pending on the indicator values assigned to each company, the distress value varies 
from 1 to 8. 

Table 1 . Outputs of distress value 



DV 


CR 


TAT 


GM 


1 


< 1 


< 50 


Dec 


2 


< 1 


> 50 


Dec 


3 


< 1 


< 50 


Inc 


4 


< 1 


> 50 


Inc 


5 


> 1 


< 50 


Dec 


6 


> 1 


> 50 


Dec 


7 


> 1 


< 50 


Inc 


8 


> 1 


> 50 


Inc 



Note: Distress value (DV): 1 - The situation is very tense; 2 - The situation is poor; 3 - 
Satisfactory situation; 4 - The average situation; 5 - On average, a good situation; 6 - A good 
situation; 7 - Stable situation; 8 - The situation is really good. 

When a company is in a risky situation, the distress value is equal to 1, and 
when the company's financial situation is very good, the value is equal to 8. The 
neural network committees predict the DV change after one year. Thus the neural 
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network output is (+1) if the situation will be improved, (-1) if it will get worse, 
and (0) if it will remain unchanged. 

3.2. Input data committee, trained by using key financial indicators. Se- 
lected indicators can be divided into the following perspectives: liquidity, financial 
leverage, profitability, efficiency, productivity, and effectiveness. List of financial 
ratios are given below. 
Liquidity ratios 



(1 

(2 
(3 

(4 
(5 
(6 
(7 
(8 
(9 
(10 

(11 
(12 

(13 

(14 
(15 
(16 

(17 
(18 
(19 
(20 

(21 

(22 
(23 
(24 
(25 



(26 
(27 

(28 
(29 



Total Current Assets / Total Current Liabilities 

(Total Current Assets- Inventories) / Total Current Liabilities 

Shareholder's Equity /Total Liabilities 

Financial leverage ratios 
Total Liabilities*100/Total Assets 
Total Long Term Liabilities* 100 / Total Assets 
Total Current Liabilities*100/Total Assets 
(Total Current Assets- Total Current Liabilities)/ Total Assets 
Shareholder's Equity* 100/Revenue 
Total Long Term Liabilitics*100/Revenue 
Total Current Liabilities*100/Revenue 

Profitability ratios 
Gross Profit*100/Revenue 
Net Income*100/Revenue 
Net Income*100/Total Assets 
Total Operating Expenses*100/Cost of Revenue 
Net Income*100/Shareholder's Equity 
Operating Income*100/Revenue 

Efficiency ratios 
Cost of Revenue*100/ Total Operating Expenses 
Receivables*360/Revenue 
Revenue/Total Assets 
Revenue/Total Long Term Assets 
Revenue/Shareholder's Equity 

Productivity ratios 
Goodwill & Intangibles/Revenue 
Net Property, Plant & Equipment*100/Revenue 
Total Current Assets* 100/Revenuc 

(Total Current Assets-Inventory-Receivables)*100/Cash& Short Term In- 
vestments 

Effectiveness ratios 
R& D as a percentage of sales 

R& D as a percentage of General and administrative + Selling and mar- 
keting 

Sales as a percentage of total operating cost 
Sales as a percentage of General and administrative + Selling and marketing 



3.3. Input data committee, trained using stable distribution parameters. 

List of financial ratios (Gross Margin (GM), Operating Margin (OM), Current 
Ratio (CR) and Total Asset Turnover (TAT)) and stable distribution parameters 
(alpha, beta, sigma, mu) are provided below: 



328 



APP. OF EST. OF ALPHA-STABLE DISTR. TO DISTRESS FORECAST 7 

(1) CR, 

(2) CR_alpha, 

(3) CR_beta, 

(4) CR_sigma, 

(5) CR_mu, 

(6) TAT, 

(7) TAT.alpha, 

(8) TAT.beta, 

(9) TAT_sigma, 

(10) TAT_mu, 

(11) OM, 

(12) OM.alpha, 

(13) OMJbeta, 

(14) OM_sigma, 

(15) OM_mu, 

(16) GM, 

(17) GM_alpha, 

(18) GM.bcta, 

(19) GM_sigma, 

(20) GM_mu 

(21) Distress_Value of the current year. 

All these mentioned parameters are calculated for particular year. 

3.4. Distributional analysis. Empirical data analysis of all ratios and separately 
of Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM) has 
shown that: 

• all financial ratios are non-normally and non-stable distributed; 

• the distributions of TAT, CR, and GM ratios differs for different periods 
and different industries, but usually they arc stable distributed. 

These results imply that given financial ratios cannot be used in linear regression. 
The non-linear regression or neural networks should be applied to forecast distress 
value. 

Secondly TAT, CR, and GM data series are usually either normal or a-stable 
distributed. The Gaussian distribution is a special case of the a-stable law when 
a=2. This means that we may use estimates of a-stable distribution parameters 
to forecast the distress value changes. When these estimates are normally [5] dis- 
tributed, linear regression (if necessary) may be used. However, we will use them 
to train neural networks with our genetic algorithm approach. 

4. Experiments 

The first experiment compares two committees of neural networks, which will 
be used to predict change of distress in next year. The above groups are used for 
training: 

(1) the standard accounting ratios, the key indicators, and the current year 
distress value 

(2) key indicators (TAT, GM, OM, and CR), stable distribution parameters of 
these indicators, and the current year distress value. 
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The second experiment aims to determine the most important parameters that 
are used for better prediction results showing committee training. This is expected 
to improve the forecasting performance and identify each sector. 

The experiments are organized as follows: 

(1) We calculate Total Asset Turnover, Current Ratio, and Gross Margin for 
each sector. We classify each company, using Table 1. Form the target 
values for each company as the change between current year class and one 
year ahead class. Therefore, these research strategies are selected: 

(a) The idea is that company performance dynamics fully reflect changes 
in the economic environment. The same financial ratios are used to 
evaluate performance for company distress as also to describe the de- 
velopment of economic environment. These financial indicators can be 
classified as liquidity, financial leverage, profitability efficiency, pro- 
ductivity, and effectiveness ratios. 

(b) Using the parameters of the alpha-stable distribution (for Total Asset 
Turnover, Current Ratio, and Gross Margin) and indicators thmeself 
to describe the development of economic environment. 

(2) Divide the data into learning and testing groups. The learning group con- 
sists of data from all sectors in the 2006, 2007, 2008, 2010 years. Testing 
data contains only 2009 for each sector separately (which is not used for 
learning process). 

(3) Neural networks that are trained using the same set of features are con- 
nected to the mean and the weighting committees. 

(4) The data sets that are used for committees, with better prediction results, 
for each sector separately are selected the most important collections. In 
this way it is expected to improve the forecasting results. 

5. Results 

This section presents all the results obtained during experiments mentioned in 
Section 4. We first give alpha-stable distribution parameter estimates of the input 
data. Secondly, we select the neural network with the lowest forecast error of 
distress value. Finally, we select the most important features for each health care 
sector using a genetic algorithm. 

5.1. Alpha-stable distribution parameter estimates of input data. We esti- 
mate alpha-stable distribution parameters of Gross Margin (GM) , Operating Mar- 
gin (OM), Current Ratio (CR) and Total Asset Turnover (TAT). Section 3.3 gives 
a complete list of parameters estimated. Figure 5.1 shows the dynamics of alpha- 
stable parameters over our observation period. The Operating Margin case is given 
as an example. The complete list of alpha-stable distribution estimates is given in 
Table 2. 

From Figure 5.1a, one may see that parameter alpha varies in the interval [0.36, 
2] for the operating margin feature in all sectors. For Diagnostic Substances and 
Biotechnology sectors, parameter alpha is less that 1 almost all the time. Concur- 
rently, OM for Home Health Care sector is always equal to 2, while in the Long 
Term Care and Drug Manufac Other sectors, OM oscillates. Higher values of alpha 
indicate smaller possible deviations in sector OM, while smaller a suggest extreme 
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Figure 1. Dynamics of Operating Margin stable parameter es- 
timates over period 2006-2010: a) alpha, b) beta, c) sigma, and 
d) mu parameter 

or even chaotic deviations. If a is more than 1, then forecast of operating margin 
may be made, i.e. expected future value may be found. 

The asymmetry parameter beta has high variability in the health care industry, 
taking on values in the entire interval [-1,1]. Positive values indicate that operating 
margin has a higher probability to be bigger than "average" OM of that sector, and 
negative beta indicates that OM has higher probability to be lower than "average" 
OM of that sector. However, if parameter alpha is close to 2, beta is not an 
important parameter and may be treated as equal to 0, like in case of Home Health 
Care sector and etc. 



331 



10 



A. KABASINSKAS, Z. KALSYTE, J. GOODE, AND A. VASILIAUSKAITE 



a 

pi 
.9 

-t-3 

s 



x 



CO 

13 



x 



w 



K 

►J 

< 





^ 


oo 


^ 


3 


CN 


C7:' 


CO 


ID 


00 


3 


b- 


3 


IO 


iO 


00 


^ 


X 


CO 


3 


■CO 


IO 


CN 


b- 


3 


b- 


X 


3 


■00 


IO 


3 


^ 


X 


3 


3 


o 


iO 


00 


IO 


CO 


b- 


3 


IO 


^ 


CO b- 


3 


^ 


^ 


00 


Ol 


Tf 


-^ 


CO: 


O 


3 


b- 


00 


iO 


^ 


■nT 


00 


^ : 


00 


•^ 


CO' 


-Nf 


CO' 


CN 


Ol 


CN 


co 


iO 


-^ 


■nT 


-tf 


•^ 


Ol 


Ol 


^( 


Ol 


CO 


IO 


CN 


^ 


iO 


IO 


3 


IO 


iO 


"^ ^ 


£ 


o 


O 


c 


O 


o 


o 


o 


3 


O 


o 


3 


3 


o 


3 


3 


3 


3 


3 


O 


o 


o 


O 


3 


3 


o 


3 


O 


3 


3 


3 


3 


3 


O 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


o o 


£ 


oj 


00 


50 


X 


b- 


^0 


LO 


3 


X 


iO 


X 


3 


3 


■00 


b- 


3 


00 


-^ 


_i 


3 


X 


IO 


iO 


b- 


CN 


CN 


•^ 


b- 


3 


•^ 


^ 


Tt 


IO 


OJ 


OJ 


3 


iO 


^ : 


•^ 


-<* 




CO 


OJ 


IO CO 


=£ 


CN 


I— I 


Ol 


CN 


CN 


CN 


o 


r— 1 


3 


3 


i—l 


;■ I 


^— i 


I— 


CN 


iH 


-— i 


>— I 


i— l 


i—l 


1—1 


^^ 


i— 1 


-H 


i—l 


-H 


—< 


i—l 


-1 


Ol 


iH 


>— l 


1— 1 


i— 1 


1—1 


3 


i— 1 


r-: 


—I 


i— 1 


i— 1 


i— 1 


i—l 


I— 1 -— 1 


M 


o 


o 


o 


O 


o 


O 


o 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


O 


3 


3 


3 


3 


3 


3 


3 


3 


3 


o 


o o 


J3 


o 


o 


o 


o 


o 


O 


o 


3 


CN 


00 


3 


3 


X 


3 


3 


3 


00 




iO 


CO 










X 




3 


3 


3 


3 




3 




3 




3 


3 


3 


3 


3 


3< 


3 


3 


3 3 


o 


o 


o 


3 


c 


3 


3 


3 


X 


CN 


3 


3 


01 


3 


3 


3 


00 


■3 


CO 


3f 


3 
3 


3 
3 


3 
3 


3 
3 


q 


3 
3 


3 


3 


3 


3 


*0" 
00 


3 


3 

q 


CO 


3 
3 


3 


3 


3 


3 


3 


X 


3 


3 


3 O 


^ 


^ 


^ 


^ 


^ 


^ 


^ 


^ 


3 


3 


^ 


^ 


3 


^ 


^ 


^ 


3 


3 


3 


3 










d 




^ 


7 


^ 


^ 


3 


^ 




3 




3 


^ 


^ 


^ 


^ 


d 


^ 


^ 


^ T 


J3 


3 


^ 


3 


b- 




CO' 


b- 


IO 


3 


3 


3 


3 


IO 


b- 


Ol 


3 


3 


3 


iO 


3 


3 


3 


3 


3 


b- 


3 


3 


^ 


3 


3 


3 


3 


3 


^ 


3 


X 


3 


3 


3 


O 


X 


3* 


3 


3 X 


a 


iO 


>o 


3 


3 


3 


00 


■nT 


•^ 


I- 


iO 


3 


3 


—i 


iO 


X 


3 


00 


r-~ 


CO 


"tf 


3 


3 


I:- 


3 


■CN 


3 


3 


b- 


3 


3 


1- 


3 


3 


3 


O 


i— l 


Ol 


^t 


-^ 


3 


IO 


IO 


xf 


^ 00 


s 


,H 


,H 


rH 


1-1 


1-1 


1-1 


o 


1-1 


3 


3 


^ 


CN 


1-1 


^ 


,H 


^ 


rH 


^ 


1-1 


^ 


CN 


CN 


^ 


CN 


1-1 


CN 


1-1 


^ 


CN 


Ol 


1-1 


CN 


CN 


^ 


CN 


rH 


,H 


^ 


^ 


1-1 


1-1 


1-1 


^ 


rH rH 




b- 


X 


X 


CN 


o 


IO 


IO 


O 


X 


^ 


3 








X 


^ : 


3 


3 


3 


IO 




X 

o 










3 




























IO 






Tf 3 




-Nf 


00 


I- 




o 


CO 






00 


3 


3 


IO 


3 


3 


t- 


X 


X 


r- 


CO' 


CN 


iO 


3 


CN 


X 


^ 


3 


X 


00 


3 


3 


3 


•^ 


^ 






IO 


00 


X 


b- 


CO 


■CN 


b- 


b- 3 


3 

E 


b- 


00 


i0 


O 


3 


CO- 


CO 


IO 


^t- 


b- 


00 


^ 


CN 


3 


3 


^l 


-* 


X 


3 


CO 


3 


3 


00 


IO 


>-; 


,_; 


Ol 


3 


00 


3 


3 


3 


3 


o 


<-J 


3 


3 


•^ 


3 
■Ol 


■00 


■i 


CN iO 


oi 


oo 


Ol 


1-1 


CN 


CN 


CN 


1-1 


1-1 


■<* 


CO 


3 


CN 


3 


1-1 


CN 


1-1 


1-1 


1-1 


CN 


CN 




CN 


CN 


CN 


CN 


1-1 


co 


1-1 


00 


00 


d 


-<* 


1 


3 




3 


>d 


3: 


Ol 




d 


CO 


rH rH 


: 


















































































IO 






X 


X 


b- 


o 


^ 


•^ 










•^ 


3 




























































co- 






o 2 


IO 


Ol 


b- 


IO 


CO 


CN 




X 


00 




l> 


CO- 




3 


CN 


^ : 


Ol 


X 




b- 


IO 


3 


3 


3 


IO 


CN 




b- 


00 


■"# 


iO 


00 


b- 


X 




iO 




3 


3 


IO 


ol 


b- 


iO 


K 


■nT 


X 


b- 


b- 


b- 


•^ 


CO 


00 


3 


•^ 


CN 


3- 


OJ 


Ol 


1-1 


00 


1-1 


1-1 


CO' 


1-1 


3 


3 


3 


X 


3 


-? 


IO 


b- 


3 


•^ 


-* 


10 


,_l 


Ol 


3 


3 


Ol 


IO 


-^ 


IO 


lO 


3 


«S 


M 


00 


00 


Ol 


1-1 


CN 


d 


IO 


^ : 


b^ 


cs 


rH 


10 


^ 


b- 


b- 


^ 


Ol 


3 


1-1 


-Nf 


CN 


O 


1-1 


1-1 


1-1 


3 


CN 


1-1 


Ol 


CN 


1-1 


rH 


1-1 


o 


O 


OJ 


■^ 


IO 


iO 


■^ 


3^ 


3* 


■nT 


X rH 




o 


o 


o 


o 


51 


o 


o 


^ 


b- 


3 


3 


3 


3 


3 


b- 






3 




IO 






















^ 


3 


■CN 


3 


3 




3 


00 


3 


3 


o 


OJ 


3 


X C 


3 


o 


o 


X. 


b- 


3 


3 


CO 


10 


3 


3 


3 


3 


00 


^ 


Ol 


3 
CO 


3 


CN 

CO 


3 


3 
3 


3 
3 


3 
3 


3 
3 


3 
3 


Ol 
X 


b- 

lO 


3 
3 


3 
3 


3 
3 


X 


CN 


3 


Ol 


3 


3 
00 


3 


IO 


3 




3 


3 


Ol 


3) CO 


^ 


*■* 


7 


o 


o 


^ 


^ 


3 


3 


^ 


^ 


^ 


^ 


3 


3 


3 


3 


3 


d 


3 












3 


d 


^ 




^ 


3 


d 


d 


3 


^ 


3 


d 


3 


3 


d 


^ 


3 


3 


d d 


fl3 


b- 


^ : 


3 


o 


^ 


CO 


X 


CN 


00 


X 


^ 


X 


CO' 


-Nf 


3 


X 


^ 


3 


^ 


X 


3 


-Nf 


00 


X 


O 


00 


^ 


X 


3 


3 


Ol 


-H 


^ 


•nT 


IO 


■nT 


Ol 


00 


00 


o 


3 


X 


IO 


CO o 


_a 


00 


00 


CM 


00 


IO 


T— 1 


I— 


00 


00 


i— 1 


Ol 


^H 


3 


Ol 


"^ 


3 


5 


3 


■Ol 


IO 


3 


3 


00 


3 


O 


CN 


— ■ ( 


IO 


3 


3 


3 


Ol 


3. 


00 


i— 


CN 


^ 


iO 


iO 


IO 


3 


Ol 


^ 


3) rH 


tf 


o 


o 


o 


o 


o 


o 


o 


3 


3 


3 


3 


o 


O 


3 


3 


rH 


3 


3 


o 


3 


CN 


3 


,H 


1-1 


CN 


3 


1-1 


,H 


Ol 


CN 


3 


^ 


O 


3 


3 


3 


3 


3 


3 


o 


Ol 


o 


3 


o o 




oj 


b- 


3 


CN 


01 


X 


CN 


00 


3 


^ 


CN 


CO' 


3 


iO 


>o 


^ 


^ 


iO 


•^ 


CO 


3 


■3 


X 


^ 


Ol 


^ 


■3 


iO 


-"t- 


3 


00 


00 


b- 


■nJ- 


IO 


X 


X 


3 


OJ 


Ol 


"* 


CO' 


CO 


X 3 


3 

E 


3 


IO 


— 1 


-^ 


en 


T-H 


■nT 


IO 


3 


•^ 


X 


CN 


CN 


CN 


3 


b- 


Ol 


X 


X 


3 


i—i 


CN 


00 


—I 


b- 


X 


3 


00 


3 


r-H 


r-H 


Ol 


3 


r— 


OJ 


X 


r-H 


X 


Ol 


CO' 


OJ 


-A 


b- rH 


oj 


oo 


00 


o 


1-1 


CN 


■nT 


IO 


b- 


IO 


3 


1-1 


CN 


CM 


3 


^ 


1-1 


^ 


1-1 


CN 


1-1 


1-1 


^ 


1-1 


3 


^ 


1-1 


^ 


1-1 


CN 


1-1 


^ 


1-1 


,H 


H 


OJ 


3 


^t : 


00 


3* 


1-1 


b- 




rH rH 






^ 








































































X 


3 


X 












IO 


o 


3 


CO' 




(M 


b- 


CN 


00 


■* 




b- 


3 


3 


^ : 


00 


IO 




IO 




O 


^ : 


3 


CO' 


3 


■CN 


00 


IO 


iO 


X 




■CN 


IO 


b- 


00 


IO 


co- 


X 


CO 


X 


CO' 




b- X 


o£ 


o 


6 


:.-. 


X 


IO 


CO 


O 


>o 


0-1 


3 


b- 


3 


X 


■00 


3 


Ol 


r-H 


CN 


— I 


1-1 


IO 


iO 


00 


CN 


,_l 


3 


00 


■nT 


00 


•^ 


Ol 


-^ 


00 


00 


00 


3 


Ol 


co 


00 


CO- 


3 


3 


iO 


X 3 


M 


^ 


1-1 


X 


o 


CO' 


o 


1-1 


1-1 


1-1 


^ 


3 


3 


3 


3 


3 


o 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


o 


3 


3 


iO 


1-1 


3 


CN 


b- 


CN 


1-1 


1-1 


3 rH 


ri 


o 


00 


-? 


CO' 


o 


-^ 


^ 


b- 


00 
00 


3 


3 


3 


3 


3 


3 


3 


b- 


IO 

00 


■3 
00 


CN 


3 


3 


00 

o 


CN 


^ 


3 


IO 


3 
3 


3 

o 


3 


3 

o 


3 


3 


3 

o 


3 


iO 


X 


3 


X 


co 


3 


3 


3 


IO iO 


0) 


q 


00 


0-1 


b- 


q 


x> 


00 


3 




3 


3 


3 


^ 


■CO 


3 


3 


3 








3 


3 






X 


iO 


3 






3 




3 


CN 




3 


3 


Ol 


£ 


3 


3 


3 


10 


3 


X X 




d 


d 


6 




6 


d 


3 


3 








d 


3 




3 


3 


3 


d 


3 






3 


3 


d 


3 


d 


^ 


^ 




^ 




O 


' 




o 


3 


3 


3 


3 


- 1 


o 




o o 


tf 

J3 


oo 


00 


b- 


o 


•^ 


b- 


■00 


00 


CN 


•^ 


3 


O 


3 


iO 


X 


■^ 


b- 


b- 


X 


■^ 


3 


CO 


^ 


b- 


^ 


3 


IO 


X 


3 


3 


3 


3 


o 


3 


3 


X 


^ : 


00 


3 


CN 


3< 


3* 


■nT 


X 3 


a 


CN 


iH 


— < 


X 


CN 


3 


b- 


0-1 


3 


3 


00 


IO 


IO 


IO 


"^ 


3 


^f 


b- 


CO' 


CN 


3 


3 


3 


10 


■^ 


CN 


01 


X 


3 


3 


3 


3 


3 


3 


3 


r- 1 


3 


r^ 


-H 


i— 1 


■CN 


i—l 


_. 


Tf b- 


s 


O 


o 


o 


o 


o 


O 


o 


1-1 


3 


1-1 


3 


3 


3 


3 


3 


1-1 


3 


3 


3 


3 


1-1 


1-1 


3 


o 


3 


^ 


1-1 


1-1 


1-1 


rH 


Ol 


CN 


Ol 


OJ 


Ol 


3 


3 


1-1 


3 


3 


3 


1-1 


1-1 


o o 




oi 


•^ 


iC 


a;. 


o 


^C 


IO 


00 


r-H 


b- 


3 


3 


^ 


3f 


CN 


3 


3 


3 


o 


IO 


IO 


X 


X 


-^ 


CN 


iO 


IO 


^ 


CN 


Ol 


00 


X 


b- 


OJ 


O 


-Nf 


00 


Ol 


_i 


X 




CO 


OJ 


CO CN 


3 


^ 


3 


3 


CN 


- 


CN 


CO 


-t 


CN 


10 


CN 


CN 


3. 


Ol 


3 


iO 


3 


CN 


00 


3 


3 1 


Ol 


>o 


00 


■^ 


'- , 


•^ 


3 


X 


00 


3 


X 


lO 


■n" 




b- 


--r 


'- 1 


3 


b- 


X 
3 




Ol 


CO rH 


£ 




3 


Ol 




CO' 


b- 


IO 


IO 


3 


3 




3 


■X 


3 


b- 


3 


3 


X 


b- 


b- 


IO 


IO 


b- 






b- 


b- 


CO 


3 


iO 


>o 


CN 


3 


00 




00 


IO 


^ 


3 


b- 


b- 


X 


b- ^f 


oj 


1-1 


1-1 


•3 1 


CO' 


•^ 


■00 


^ 


-* 


3 


b- 


•^ 


iO 


3 


lO 


b- 


3 


3 


3 


iO 


1-1 


1-1 


3 


iO 


IO 


00 


CO' 


■CO 


00 


00 


Ol 


00 


■Ol 


CO 


■CO 


•nT 


-tf 


^ : 


-^ 


3* 


d 


■CN 


CO' 


"^ ^ 








00 


b- 


CC' 








3 






■3 


b- 










^ 


3 




IO 


b- 


IO 


3 


IO 


00 


^ 


CO 


,_. 


^ 




iO 


b- 


3 


IO 


b- 


00 


>o 


3 


^ 


o 


CO 


, 


b- o 


iO 


00 


X 




CO 


b- 


o 


00 


IO 


3 


•^ 




3 


CN 


3 


b- 


3 




r-~ 


■nT 


00 


3 


^ : 


3 


3 


X 


3 1 


3 


IO 


00 


^t : 


h- 


•^ 


■nT 




iO 




X 


b- 


IO 


X 


X 




CO CO 


oX 


-Nf 


3 


d 


CN 


■^ 


•^ 


I> 


CO 


o-i 


•-J 


X, 


3 


IO 


H 


>o 


3 


X 


^H 


_H 


01 


—1 


3 


t- 


_( 


,_l 


X 


X 


IO 


b- 


3 


3 


_l 


,_l 


OJ 


■CO 


3 


3 


3 


b- 


b- 


3 


,_, 


iO 


rf CN 


M 


oi 


X 


1-1 


1-1 


1-1 


d 


X 


X 


^ 


3 


CO 


1-1 


CN 


b- 


d 


IO 


3 


1-1 


1-1 


■00 


1-1 


r " 


1-1 


00 


CO' 


*" ' 


1-1 


Ol 


1-1 


CN 


id 


1-1 


"" < 


1-1 


1-1 


1-1 


Ol 


1-1 


1-1 


1-1 


1-1 


1-1 


1-1 


rH rH 


c<3 


o 


^ : 


•^ 




o 


CN 






3 


00 


3 


3 


3 


X 


3 


b- 


00 


3 




3 














3 






3 


Ol 




3 






3 


3 


3 


3 


3 


3 


X 


3 


IO o 


q 


b; 


3 


o 
q 


q 


•-J 


CO 


IO 

3 


--t- 


3 


'- , 


3 


3 


00 


3 


3 


b- 


3 


X 
CN 


3 


3 
3 


3 
3 


3 
3 


3 
3 


3 
3 


3 
3 


3 


■3 
3 


3 
3 


3 


3 


3 
3 


3 


3 
3 


■3 
3 


3 


3 


3 


3 


O 


X 


b- 


3 


IO o 




d 


d 






o 






3 


3 


3 






3 




3 


3 




























3 




















3 


3 




O rH 


rD 


1 






o 


1 




3 


3 








1 


1 




1 






1 


3 


1 


"■ 


^ 


^ 


^ 


^ 


^ 


1 


^ 


^ 


1 




^ 


1 


^ 


^ 


1 


1 


1 


1 


1 






1 




CO 
-3 


iO 


00 


^ 


iO 


o 


^c- 


CO. 


00 


3 


iO 


00 


CO' 


3 




IO 


^ 


00 


3 


3 


X 


3 


3 


IO 


O 


3 


3 


3 


3 


3 


3 


3 


3 


3 


■CO 


3 


3 


3 


3 


3 


3 


^ 


3 


3 


CO ^ 


CX 


3 


X 


3 


— 


CN 


CO 


b- 


X 


IO 


iO 


>— I 


iO 


3 


3 


iH 


Ol 


3 


3 


3 


3 


3 


3 


00 


3 


3 


3 


3 


3 


O 


3 


IO 


iO 


3 


IO 


iO 


3 


3 


3 


X 


X 


i— 1 


CN 


xf 


"^ ^ 


1$ 


o 


o 


o 


o 


1-1 


o 


3 


3 


3 


3 


rH 


1-1 


CN 


3 


1-1 


1-1 


1-1 


CN 


CN 


,H 


CN 


CN 


1-1 


CN 


CN 


CN 


CN 


OJ 


CN 


CN 


3 


rH 


Ol 


1-1 


1-1 


1-1 


Ol 


Ol 


^ 


1-1 


1-1 


1-1 


1-1 


rH rH 




ID 


b- 


X 


3 


o 


^ 


b- 


X 


3 


3 


3 


b- 


X 


3 


3 


3 


b- 


X 


3 


3 


3 


b- 


X 


3 


O 


3 


b- 


X 


3 


3 


3 


b- 


X 


3 


3 


3 


b- 


X 


3 


O 


3 


b- 


X 


3 3 




:_: 


o 


3 


3 




_;. 


3 


3 


3 




3 


3 


3 


3 




3 


3 


3 


3 




O 


3 


3 


3 




3 


3 


3 


3 




3 


3 


3 


3 




3 


3 


3 


3 




o; 


3 


3 


3 rH 




3 


3 


3 


3 


c 


::.: 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3- 


3 


3 


3 


3 


3 


3 


3 


3 


■3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 3 




CN 


CN 


Ol 

> 

at 


(M 


CN 


CN 


CN 


-1 


CN 


CN 


<M. 


CN 


CN 


OJ 


CN 


Ol 


-1 


CN 

CJ 


CN 


CN 


CN 


CN 


Ol 


CN 


■CN 


CN 


CN 


Ol 


Ol 


Ol 


Ol 


Ol 


OJ 


Ol 


OJ 


Ol 


Ol 


Ol 


Ol 


OJ 


■CN 


Ol 


Ol 


CN CN 

>: 

ft 
ft 

zn 

- 

X- 








o 
c 

-3 

o 

o 

CQ 










V: 


= 

3 


m 

O 

u 

- 

- 

- 

CO 






C 

g s^ 
p S o 








3 








Q 






o5 

o a) o3 
=1 X U 






bo fl a; 
fl s b 

OJ ^ 

J H U 






I 

u 

a 

- 

XI 'ft 

CD ft 


0J 

■z 


3 

ft 
a 1 




OJ 
CD 

2 


o 



332 



APP. OF EST. OF ALPHA-STABLE DISTR. TO DISTRESS FORECAST 11 

Parameter sigma is an identifier of scale/volatility. One may see that "volatility" 
in 2008 has increased for almost all sectors. However, sigma for the HealthCarc 
Plans sector increses over all periods considered. 

Position parameter mu indicates "average" OM in a particular sector. Figure 
5. Id shows that mu decreases for almost all sectors, with the exception of Med 
Appliances and Equipment. 

5.2. Distress value prediction. We compare committees of combined neural net- 
works trained for distress value prediction within each sector separately. Training 
groups use different features sets described in sections 3.2 and 3.3. In Table 3 they 
are called the "31 ratios" (described in more detail in section 3.2) and "21 ratios" 
(described in more detail refer to section 3.3). Comparable results of both methods 
are given in Table 3. 

Table 3. Error of forecast when financial ratios are used as input features 

Sector 31 ratios 21 ratios 



D_S 


26.30 


0.00 


D_M_M 


77.00 


18.18 


DJVLO 


31.50 


21.73 


H_C_P 


78.70 


0.00 


HJLC 


40.00 


20.00 


L_T_C 


28.30 


16.66 


M_LaJ3 


27.10 


13.46 


M_A_E 


66.60 


75.80 


B 


40.60 


20.83 


Average 


46.23 


20.74 


Weighting 


4.30 


0.00 



We can see that the neural network committee consisting of neural networks and 
stable distribution parameters have smaller errors in both case, with the exception 
of the M_A_E case. 

5.3. Features selection. Using genetic algorithms we aim to select data sets of 
the most important features for each sector consisting of the 21 ratios (see section 
3.3). 

Table 4. Error of forecast when stable parameters are used as 
input features from genetic algorithm 



Sector 


NN 


GA+NN 


D_S 


0.00 


0.00 


D_M_M 


18.18 


18.18 


DJVLO 


21.73 


17.39 


H_C_P 


0.00 


2.22 


HJLC 


20.00 


20.00 


L_T_C 


16.66 


20.00 


MJ_a_S 


13.46 


13.46 


M_A_E 


75.80 


22.09 


B 


20.83 


14.58 


Average 


20.74 


14.21 


Weighting 


0.00 


0.00 
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After selection of the most important features using genetic algorithms, forecast 
results improve for sectors D_M_0, M_A_E, and B, while they remain unchanged for 
sectors D_S, D_M_M, H_H_C, and M_I_a_S. Prediction results are worse for sectors 
H C P and LJT_C. 

The results of weighting method has not changed when the networks are trained 
with all the features and selected most important features. Meanwhile, the average 
method group had better outcomes when the neural network is trained using the 
selected features group. Knowing which features are the most important for each 
sector, we can see how sectors differ from each other. 

Lower alpha indicates a larger number of unprofitable companies in each sector. 
Beta describes the trend of companies. The company is susceptible to losses if 
beta< or profits if beta> 0. 

Mu describes the financial situation of the "average" company in each sector. 
Sigma (scale parameter) defines the differences between companies in each sector. 
The goal is to discover the most important features in each sector. 

When comparing sectors by the selected features obtained using genetic algo- 
rithms, we identify similarities and differences: 

(1) Similar sectors are: a) D_M_0 and H_C_P (the most important indicators 
are CR and CFLsigma in these sectors) and b) L_T_C and B (the most 
important indicator is CILsigma in these sectors). 

(2) Similar sectors are: D_S and M_I_a_S (the most important indicators are 
TAT .alpha, TATJbeta, TAT_sigma, and TAT_mu in these sectors). Totally 
different sectors are: D_M_0 (the most important indicators are (OM_alpha, 
OMJbeta, OMjnu) in this sector and HTLC (the most important indica- 
tors arc (OM, OM_sigma) in this sector. 

(3) Similar sectors are: a) D_S and M_I_a_S (the most important indicator 
are (OMJbeta, OM_sigma) in these sectors, b) D_M_M and D_M_0 (the 
most important indicators are (OM_alpha, OMJbeta, OM_sigma) in these 
sectors. Totally different sectors are: H_C_P (the most important indicators 
are (OM_alpha, OMJbeta, OM_mu) in this sector and HJELC (the most 
important indicators are (OM, OM_sigma) in this sector. 

(4) Similar sectors are: H_C_P and M_A_E. There are no important indicators 
from this group in these sectors. 

It is also reflected in the Table 5 presented below, where 1 means that the feature 
is selected as important, and zero means that particular feature is not important 
for a particular sector. 

Sector identity may be revealed by comparing key features set of each sector to 
the other sectors features set. 
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Table 5. Feature selection results from 21 attributes 



13 



Index 


D_S 


D_M_M 


D_M_0 


H_C_P 


H_H_C 


L_T_C 


M_I_a_S 


M_A_E 


B 


CR 








1 


1 











1 





CR_alpha 














1 








1 





CR_beta 


1 

















1 


1 





CR_sigma 


1 


1 


1 


1 





1 


1 


1 


1 


CRjiiu 





1 














1 








TAT 








1 








1 








1 


TAT_alpha 


1 


1 


1 











1 








TAT.bcta 


1 


1 





1 


1 





1 





1 


TAT_sigma 


1 





1 


1 








1 


1 


1 


TAT_mu 


1 











1 


1 


1 


1 


1 


OM 














1 


1 











OM_alpha 





1 


1 


1 





1 





1 


1 


OM_beta 


1 


1 


1 


1 





1 


1 


1 





OM_sigma 


1 


1 


1 





1 





1 








OM_mu 











1 

















GM 








1 








1 


1 








GM_alpha 














1 





1 








GM.beta 


1 


1 


1 











1 





1 


GM_sigma 





1 











1 











GM_mu 








1 








1 








1 


DV, current 


1 


1 


1 


1 


1 


1 


1 





1 



6. Conclusions 

The neural network committee that used a-stable distribution parameters for 
training showed better forecasting results (average error 20.74% ) than the commit- 
tee which used basic standard financial ratios with no stable distribution parameters 
(average error 46.23% ). 

Using a genetic algorithm, we selected the most important features of each of the 
committee members whose training used stable distribution parameters. Feature 
selection for weighted committee had no significant impact on the outcome because 
in both cases (with and without feature selection), the weighted committee fore- 
casting error is equal to zero. Meanwhile, the average error with feature selection 
reduced the forecasting error from 20.74 to 14.21 percent. 

Finally, our results show that distress may be forecasted without direct infor- 
mation about the main financial ratios (TAT, GM, OM, and CR must be used). 
Meanwhile, if we have complete information about Gross Margin, Operating Mar- 
gin, Current Ratio, Total Asset Turnover (as also, their historical alpha-stable 
parameter estimates) and Distress Value of the current year, we may forecast with 
much smaller error. 
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